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PREFACE. 



Bacon has made an observatioQ to this effect— that 
a man really possesses only that knowledge, which he 
in some sort creates for himself. To apply to in- 
tellectual instruction the principle implied in these 
words was the ain) of Pestalozzi. It is a principle 
admitting of various degrees, as well as modes of 
application^ in the different branches of human know- 
ledge ; but in no one can it be more extensively ap- 
plied than in Geometry. That .science is peculiarly 
th0 creation of the human mind, in which, independ- 
etit of cisternal nature, and complete in its own re- 
sources, it builds up the solid but airy fabric of its 
abstractions. It needs no laboratory to test its con- 
clusions, no observatory to obtain data for its cal- 
culations; rendering aid to other sciences, it asks 
none for itself. 

Hence, that teacher will act most in conformity 
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with the genuine character of the science, and con- 
sequently will render the study of it the most inter- 
esting and the most improving, who invites and trains 
his pupils to create the largest portion of it for them- 
selves. In Geometry, the master must not dogmatise, 
either in his own person or through the medium of 
his book ; but, he must lead his pupils to observe, to 
determine, to demonstrate for themselves. In order 
to accomplish this, he must study the intellectual 
process in the acquisition of original mathematical 
knowledge ; and having ascertained what are the con- 
ditions of successful investigation, he must so arrange 
his plan of instruction as that these conditions may be 
perfectly supplied. He cannot fail to perceive that 
the leading requisites are a clear apprehension of the 
subject matter, and well-formed habits of mathemati- 
cal reasoning. To these must of course be added a 
familiar acquaintance with the science as far as it 
has been elaborated. The master, led by these 
considerations, will, in directing the first labours of his 
pupils, consider it as his especial aim, to enable them 
to form clear apprehensions of the subject matter of 
Geometry^ and then to develope the power of mathe- 
matical reasoning. Aware that clearness of appre- 
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liension can take place only when the idea to be 
fanned is proximate to some idea already clearly 
formed — when the step, which the mind is required 
to take, is really the next in succession to the step 
already taken, he will commence his instruction 
exactly at that point where his pupils already are, 
and in that manner which best accords with the mea* 
sure of their development. As his pupils are unaccus- 
tomed to pure abstractions, he will not commence 
with 'abstract definitions. But supposing them, through 
the medium of ' Lessons on Objects' to have had their 
attention directed to the forms which matter assumes, 
he wUl present in his first lessons a transition froni 
the promiscuous assemblage of forms to a particular 
group of them, consisting of the sphere, the cone, 
the pyramids, the prisms, and the five regular bodies. 
In conformity with the plan pursued in * Lessons on Ob* 
jects,' the pupib will examine these solids, state what 
they perceive at the first glance, then by more close 
and attentive examination, directed by the master, 
discover and supply the deficiencies in their first 
perception, and afford him an occasion for con- 
necting their new ideas with adequate technical 
expressions. 

A3 
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The master's next aim must be to cultivate the 
power of abstract mathematical reasoning. With a view 
to this end, he may advantageously avail himself of 
the knowledge, obtained by the pupils from the solids, 
in the manner above described. Here, then, he wiU 
lead them to deduce the necessary consequences from 
the facts which they know to be true, and then invite 
them to examine the object and see whether their 
reasoning has led to a correct result. Thus, if a 
child has ascertained and knows that two sides of 
different planes are requisite to form an edge, and 
that a certain solid (an octahedron) is bounded by. 
eight triangular planes, he will be required to deter- 
mine from these data the number of edges which that 
solid has. He will reason thus: — Eight, triangular 
faces have twenty-four sides ; two sides form one 
edge : therefore, as many times as there are two 
sides in these twenty-four sides, so many edges that 
body must have, — that is, twelve edges. This result 
being obtained, the object is presented to him for 
examination, and he perceives by actual observation 
the truth of that conclusion at which he had arrived 
by abstract reasoning. 

These lessons form the basis of the Introduction to 
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Geometry, and their results are, correct ideas of the 
subject matter of the subsequent lessonsy adequate 
expressions for these ideas, and sound knowledge of 
the definitions, which form the connecting link be- 
tween physical and abstract truths. 

In the former part of this work, a mode of fu:- 
complishing these points is set forth: in the se- 
cond part, the further development of the power 
of abstract reasoning is connected with a direct pre- 
paration for the study of Euclid's Elements. That 
work exhibits a series of mathematical reasonings 
and deductions, arranged in the most perfect lo- 
gical order, so that the truths demonstrated rest, 
in necessary sequence, on the smallest possible num- 
ber of axioms and postulates. But, admirable as it 
may be in itself, viewed simply in relation to the 
science, it is not, viewed psedagogically, an elemen- 
tary work. It is fitted for the matured, and not 
for the opening mind. The judicious teacher will 
desire to present to his pupils the subject matter of 
Euclid in such a mode and in such order as that in 
studying it the higher faculties of their minds may be 
most effectually exercised and improved. For thus 
only can the intellectual food be assimilated to the 
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intellect itself^be receiyed, as it were^ into its sub- 
stance, and nourish, and strengthen, and expand its 
powers. 

These Lessons on Form present a mode in which 
these principles are applied: other modes, perhaps 
better ones, may be arranged; — we but say with 
Horace, 

— — — Si quid novisti lectins istit 
Caodidus imperti ; si non, his utere mecum. 

It has been found in the actual use of these Les-* 
sons for a considerable period, that a larger average 
number of pupils are brought to study the Mathe- 
matics with decided success, and that all pursue them 
in a superior manner. There is much less of mere 
mechanical committing to memory, of mere otiose 
admission and comprehension of demonstrations ready- 
made, and proportionably more of independent judg- 
ment and original reasoning. They not only learn 
Mathematics, but they become Mathematicians. 

Hence, when Euclid's Elements and the higher 
branches of Mathematics are to be read, the pupils 
are found competent to demonstrate for themselves 
the greater part of the propositions, and have re- 
course to books only for occasional correction or im- 
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provement of their processes, and for fixing more 
firmly in their memory the results. 

These advantages arise from the application of a 
principle generally neglected in early education, but 
deserving of attentive consideration and universal 
adoption; namely, that "Every coiu*se of scientific 
instruction should be preceded by a preparatory 
course^ arranged on psychologiccd principles." First 

FORM THE MIND, THEN FURNISH IT. 

C. Mayo. 
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LESSONS ON FORM, 

BEING AN 

INTRODUCTION TO GEOMETRY. 



LESSON I. 

The master places before his pupils a variety of 
objects, among which there should be (the following 
solids, viz.) the ^we regular solids, viz. several of the 
prisms and pyramids, the cylinder, the cone, and the 
sphere. 

Master, — I have set these objects before you, that 
you may find out some properties common to them 
all. Endeavour to discover them. 

(The answer of each pupil should be subjected to 
the consideration of the class, and be tried if in reality 
it equally applies to all objects.) 

Pupils. — These and all other objects occupy a 
space. 

M. — In how many directions does each extend ? 

P.— In three directions : in length, in breadth, and 
in depth. 

One of the pupils said, *' and in thickness." 

M. (holding up a book.) — Which would you call 
the length of this book ? — Which is its breadth ? Does 

B 



2 LESSONS ON FORM, BEING 

it extend in another direction? — By what word will 
you describe it ? 

P, — Thickness. 

M, — Name an object of which it would be proper 
to say dep^ instead of thickness, 

P. — A well extends in length, in breadth, and in 
depth : so does the sea, a pond, a lake, a river. 

M, — Objects considered with reference to these 
three dimensions only are called solids. What other 
property have all solids in common ? 

P, — They are all bounded by a surface. 

M, (holding up a sphere and a prism.)— In what 
does the surface of one of these objects chiefly differ 
from the surface of the other ? 

P. — The one is composed of several surfaces, and 
the other is bounded only by one curved surface. 

M. — ^In what does a surface consist? 

P, — In extension of length and breadth : a surface 
is the boundary of anything. 

M. — What happens if a surface be removed from an 
object ? 

P. — A part of the object is likewise removed by 
removing a surface. 

M. — ^Is the object, by doing so, increased or de- 
creased ? 

P, — It is decreased. 

M, — In how many directions is it decreased ? 

P. — It is decreased either in length, or in breadth, 
or in thickness. 

ilf.— Can a surface exist without the object of 
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which it is a surface? Can you hold a surface in 
your hand without holding the object itself? 

P.— No. 

On this question being asked, one of the pupils said, 
a shadow is a surface existing without a concomitant 
solid. The master will of course convince his pupils 
of the error, should a similar answer, be given. 

M* (holding up a prism,) — What is meant by the 
surface of this object ? 

P. — The assemblage of the several surftces which 
bound it. ' 

M, — If we wish to distinguish one of these several 
surfaces from the total number of surfaces, it is usual 
to call it one of its faces. Now state what may be 
said in general of the number of faces by which all 
objects are bounded. 

P. — All objects are bounded either by one face 
only, or by several faces. 

M, — Now examine more minutely the faces of these 
objects, and class those together which you think to 
have similar faces. . 

The master should allow the pupils some timb for 
arranging the objects before him into groups, until 
they have perceived that they may be classed pro- 
perly into three distinct groups; — the one compre- 
hending those which are bounded by plane faces ; the 
next, those that are bounded by plane and curved 
faces; and lastly, those that have only one curved 
surface. 

P. — All these objects are either bounded by plane 

b2 
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faces^ or by plane and curved faces, or by only one 
curved surface. 

ilf.— Now examine the boundaries of the faces of 
the first group you have mentioned. What do you 
observe ? 

P, — They are all straight lines. 

M, — And the boundaries of the other group ? 

P. — Curved lines and straight lines, or only curved 
lines. 

The substance of the lesson is then written oOr-Uie 
school-slate by the master, and the pupils are required 
to commit it to memory. Thus : — 

1. All objects discernible by the senses are extend- 
ed in three dimensions : namely, in lengthy in breadth^ 
and in depth or thickness. 

2. Objects considered with reference to these three 
dimensions are called solids. 

3. The surface of a solid is its length and breadth 
considered without reference to its depth. 

4. Every solid is bounded either by one sufface 
only, or by several ^^e*. 

5. Solids are either bounded hy plane faces, or by 
both plane and curved faces, or by only curved faces. 

6. The boundaries of faces are either straight Imes, 
or both straight and curved lines, or only curved lines. 

When the above is committed to memory, it is 
effaced from the slate, and the pupils are required 
to write it from memory and in the same order. 
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LESSON II. 

At the beginning of this and every following lesson, 
the pupils ought to be requfred to recapitulate the pre- 
ceding lesson, first viva voce, and then by writing it 
out on their slates. 

M, — We will now first examine those solids which 
are bounded by plane faces only. See in what respect 
their faces difier. 

P. — In size, in shape, and in the number of straight 
lines which bound them. 

M. — Speaking of the boundaries of faces, it is usual 
to call them sides, instead of lines. I have brought 
here a considerable number of solids which are bound- 
ed by plane faces. Arrange them according to the 
number of sides by which some of their faces are 
bounded, beginning with the least. What is the least 
number of sides by which some of the faces are 
bounded ? 

p, — By three straight lines — by three sides. 

M. — And by what word will you express the space 
which three straight lines inclose ? 

P.— A three-sided face — a triangle. 

M. — Imitate a' triangle on your slates. How many 
lines are necessary to inclose a space ? Try one, 
two, three. If a space is inclosed by two lines, what 
sort of lines must these be ? 
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P. — Either a straight and a curved line, or two 
curved lines. 





J|f.«- Which face have you placed next in succession 
to the triangle ? 

P. — One which is bounded by four sides* 

ilf.—Imitate it on your slates. Which of the feces 
come next ? 

P.— The five-sided fece ; then the six, seven, and 
eight-sided face. 

M. — Imitate all these feces on your slates. Ex- 
amine the three-sided figure on your slates : in how 
many points do its three sides meet ? 

P. — In three points. 

M, — {Draws a triangle upon the schooi'sbtte). 




1 will put the letters a, &, c at the three points, in 
order that we may be able to distinguish one side 
from the others. By what word will you express the 
position of the line a by to the line be? 

P. — The line a & is inclined to the line b c. 

M, — And how many inclinations have the three 
sides to each other ? 

P, — Three inclinations. 

ilf. — The inclination which one line has to another 



AN INTRODUCTION TO GEOMETRY. 7 

line is called an arigle. How many angles are in a 
three-sided figure ? 

P. — Three angles. 

M. — See how many angles there are in each of the 
figures on your slates. 

P. — A fisur-sided figure has four angles ; a five-sided, 
^ye ; a six-sided, six ; a seven-sided, seven ; and an 
eight-sided has eight angles. 

iff.— Can you imagine a figure having nine, ten, 
eleven, etc. sides? Describe them on your slates, 
and observe how many angles each figure has. 

P, — Every figure has as many angles as it has 
sides. 

M, — You have mentioned another word instead 
of three-sided figure* 

P, — Yes, a triangle. 

M. — From what circumstance do you think it is 
called thus ? 
. /'•-r— From its having three angles. 

M, — The names of these several faces are derived 
sometimes firom the number of their angles, and 
sometimes from the number of their sides. Thus, a 
three-sided face is sometimes called a trilateral figure 
(from the Latin tresy three, and latusy a side), or a tri- 
angle ; a four-sided face is called a qtuzdrilateral figure 
(from the Latin quatuor^ four, and laitiSy a side) ; 
a five-sided face, apentoffon (from the Greek irsyrsy 
five, and yuvloy angle); a six-sided face, a heocagofiy 
(from the Greek c(, six, and ytavCay angle) ; a seven- 
sided face, a heptagon (from the Greek cnra, seven. 
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and yuyioy angle); an eight-sided face, an octagon 
(from the Greek oicrtiy eight, and ycirca, angle). And if 
this mode of expression be extended to faces which 
are bounded by many sides, thej are caXied pofyffonSf 
(firom the Greek roXi/c many, and yttyia, angle). 

As before, the pupils are called upon to reproduce 
the lesson on their slates ; the substance of which is 
then arranged into sentences, and written by the 
master on the large school-slate, the pupils commit- 
ting them to memory. 

1. — Solids bounded by plane &ces differ in shi^ 
and in the number of their &ces. 

2. — ^Their faces differ in the number of their sides. 

3. — A face bounded by three sides is called trila- 
teral; by four sides, quadrUaieral ; by five sides, a 
pentagon ; by six sides, a hexagon ; by seven sides, a 
Keptagtm ; by eight sides, an octagon ; by nine or more 
sides, 2i polygon, 

4. — An angle is the inclination of two lines to one 
another which meet in a point. 

5. — A trilateral face has three angles, it is therefore 
called a triangle; a quadrilateral has four angles; a 
pentagon has five, a hexagon six, a heptagon seven, 
an octagon eight; a polygon has as many angles as 
it has sides. 
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LESSON III. 

M. — What other parts do you discover on these 
solids ? 

P^ — Comers and edges. 

M. — How are the corners formed ? 

P. — By several angles of different planes meeting in 
one point ; or by several edges meeting in one point. 

M. — How many edges or angles of different faces 
are at least required to form a comer or solid angk f 
Try, one — two — three. 

P, — Three at least. 

M, — Instead of "corners," say solid angles; how 
are the edges formed ? 

P. — By the meeting of two faces. 

DESCRIPTION OF THE FIVE REGULAR SOLIDS.* 

M, — ^Which of these five solids is bounded by the 
least number of faces? By how many faces is it 
bounded ? This solid is therefore called Tetrahedron 
(from the Greek rerpay four, and sBpaiy seats). 

iff. — What are the four faces ? 

P. — Four triangles. 

M. — How many sides have four triangles ? 

P.— Twelve. 

M. — How many of these sides are there to each of 
the edges ? 

P. — Two sides. 

* Tetrahedron, Hexahedron Octahedron, Dodecahedron, Ico»a- 
hedron. 

b5 
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M. — How many edges therefore must this solid 
have? 

P. — Six edges; because there are six twos in 
twelve. 

M, — Now take the solid, examine it^ and see whe- 
ther it is so. — How many angles are there about each 
comer or solid angle ? 

It. is important that the pupils be convinced bj 
actual examination of the solid, that the calculation 
which they have made is strictly true. 

P. — Three angles. 

M. — These angles are called /7/bne angles; can you 
tell why ? 

P. — Because they are the angles of the plane faces. 

M, — How many plane angles are there in thp four 
triangular faces ? 

P. — Twelve plane angles. 

Jf. — How many solid angles must the tetrahedron 
have ? 

P. — Four solid angles; because about every solid 
angle there are three plane angles, and there are four 
threes in twelve. 

M, — See whether it is so. 

SUBSTANCE OF THE LESSON. 

1.— Two faces meeting laterally form an edge. 

2. — Three or more edges meeting in one point form 
a solid angle. 

3. — ^The tetrahedron is a solid bounded by four tri- 
angular faces : it has six edges, and four solid angles. 
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LESSON IV. 

M. — Compare the sides of the faces of the tetra- 
hedron. What do you observe ? 

P. — They are of the same length ; they are equaL 

M. — How will you call a triangle which has three 
equal sides ? 

P. — An equal-sided triangle. 

M. — Call it an eqwAateral triangle (from the Latin 
(BqmtSy equal, and lotus, side). Describe an equi-late- 
ral triangle on your slates ; put letters at the angles. 
— Are all triangles necessarily equi-lateral ? 

P. — No ; for two sides of a triangle may be equal 
to each other, and the third unequal; or the three 
sides may be unequal. 

The master desires the pupils to draw such trian- 
gles upon their slates ; after which, he may describe 
an equilateral, an isosceles, and a scalene triangle upon 
the school-slate, and, pointing to them, continue. 

M, — A triangle having only two of its sides equal 
to each other is called an isosceles (from the Greek 
iVoc, equal, and o'icAoc, a leg) ; and the unequal side 
is called its bcLse. And a triangle having none of 
its sides equal to each other is called a scalene 
(from the Greek trKaio, to limp, and trKaXtfyoiy unequal) 
triangle.— -Compare the angles of the faces of the 
tetrahedron. 

P, — They are all equal to each other. 

M, — How will you call a triangle of which the 
angles are equal to each other ? 
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P.— Equiangular triangle. 

M, — What are the faces of this solid (showing the 
octahedron) ? By how many such faces is it bound- 
ed ? How many plane angles are there about each 
solid angle ? 

P, — It is bounded by eight plane equilateral and 
equiangular triangles. There are four plane angles 
about each of its solid angles. 

M. — The name of this solid is octahedron (firom the 
Greek ojctai, eight, and l^^a, a seat). Can you find 
out how many edges the octahedron has, without 
actually looking at the solid ? 

P. — It must have twelve edges ; because, since it 
is bounded by eight triangles, there are twenty-four 
sides to them, two of which belong to each edge ; ccm- 
sequently the solid must have twelve edges. 

M, — And how many solid angles has the octa- 
hedron ? 

P. — It must have six solid angles ; because in its 
eight faces there are twenty-four plane angles, four 
of which are about each solid angle, and there are 
six fours in twenty-four; consequently the octahe- 
dron must have six solid angles. 

M, — See whether it is so. — What, then, is sufficient 
to observe in a solid, in order to ascertain the other 
parts ? 

P, — It is sufficient to know the number and kind of 
faces by which the solid is bounded, and also the num- 
ber of plane angles which are about each of its solid 
angles. *" 
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SUBSTANCE OF THE LESSON. 

1. — A triangle having equal sides is called an equu 
lateral triangle. 

2. — A triangle having equal angles is called an 
equi-angtdar triangle. 

3. — A triangle having two of its sides equal is 
called an isosceles triangle : the unequal side is called 

its hcLse. 

4. — A triangle having unequal sides is called a 
scalene triangle. 

5. — The faces of the tetrahedron are equilateral 
and equiangular triangles. 

6. — The octahedron is a solid bounded by eight 
equilateral and equiangular triangles : there are four 
plane angles about each of its solid angles. 

7. — The number and kind of faces, and also the 
number of plane angles, being known, the' number 
of its edges and solid angles can be ascertained there- 
from. 



LESSON V. 

M. — Is there another among these solids which is 
bounded by triangles ? What is their number ? It 
is therefore called icosahedron (from the Greek eiKotri, 
twenty, and Upoy a seat). — See how many plane 
angles there are about each of its solid angles, and 
then calculate the number of its edges and solid 
angles. 



14 LESSONS ON FORM, BEING 

P. — It is bomided by twenty equilateral and equi- 
aDgular triangles; there are five plane angles about 
eadi of its solid angles : it has thirty edges, and fif* 
teen solid angles. 

M. — See whether it is so. Which of the remain- 
ing two solids is bounded by quadrilateral &ces? 
What is their number ? It is therefore called htxa- 
kedron (from the Greek l£, six, and llpa^ a seat), or 
cube (from the Greek kv^o^j a cube).-^How many 
plane angles are there about each of its solid angles ? 
Calculate the number of its edges and solid angles. 

P» — The hexahedron, or cube, is a solid bounded 
by six quadrilateral faces; three plane angles are 
about each of its solid angles: it has twelve edges 
and eight solid angles. 

M. — Compare the sides and the angles of the &ces 
of the hexahedron. 

P^ — The sides are all equal to one another: the 
angles are likewise equal. 

M. — Represent such a face on your slate. The 
angles of this figure are called right angles. Draw 
a right angle on your slate. — How many right angles 
can you make with two lines ? 

P. — ^Either one right angle, or two, or four. 

M. — Compare these two angles with each other. 

P, — ^They are equaL 

M. — Are the two angles which one line makes with 
another line always equal ? c 

P^No. / 

0/ 
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M. When one line makes two angles with another 
line, these are said to be adjacent (from the Latin ady 
nezXy-BXidijetcensy lying) angles. When these adjacent 
angles are equal, each of them is called a right 
angle. — If these adjacent angles are not equal, what 
can be said of them ? 

P. — One is greater than a right angle, the other 
is less. 

M. — An angle which is greater than a right angle 
is called obttise (from the Latin obtusus, blunted) angle ; 
the angle which is less than a right angle is called 
actUe (fi'om the Latin acutuSf pointed) angle. — De- 
, scribe on j'our slates right angles, obtuse, and acute 
angles. Describe as many different quadrilateral 
figures as you are able, and first let their difference 
consist in their sides. 

P. — The four sides may be equal ; 
the opposite sides may be equal ; the 
adjacent sides may be equal; three 
sides may be equal, and the fourth ( H / 7 
unequal ; all four may be unequal. 





M. — Can you describe two quadrilateral figures 
having equal sides^ and yet being different ? 

P. — Yes: in the one, all the angles 
may be equal ; in the other, the sides 
may be equal, but its angles not all equal, — only two 
pairs of opposite angles are equal. 

M. — A quadrilateral figure whose sides are equal, 
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and angles right angles, is called a square. A quad- 
rilateral figure having equal sides, but whose angles 
are not equal, is called a rhonib (from the Latin 
rhombm). — Can you describe two quadrilateral figures 
having their opposite sides in each equal, and yet be 
difTerent ? 

P. — Yes : the angles in the one may 
all be equal, — that is, right angles ; in 
the other they are not all equal,— only /' 7 

those which are opposite each other. ^ 1 

M. — What do you observe respecting the distance 
of those opposite and equal lines ? 

P. — Their distance is everywhere the same. 

M. — ^Draw two such lines upon your slates, and 
two others whose distance is not everywhere the same. 

P.— 



M. — What happens if the last two lines be length- 
ened? 

P. — They will cross each other. 

M. — And what happens if the first two lines be 
lengthened ? 

P. — They will not cross each other. 

M. — Such lines are called joaro/^/ (from the Greek 
vapa^ beside, and dKKr\KtWy each other) lines^ and hence 
these figures are called parallelograms (from the 
Greek TrapdWriKoQy and ypa^ifiay a figure) ; the former 
a rectangtUar paraUelogram^ or simply rectangle^ and 
the latter merely parallelogram. The other quadrila- 
teral figures of which three sides only are equal, or 
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of which all four are unequal, are called trapeziums 
(from the Greek rpavsiiov, a small table). 

SUBSTANCE OF THE LESSON. 

1. — The icosahedron is a solid bounded by twenty 
equilateral and equiangular triangles k there are five 
plane angles about each of its solid angles. 

2. — The hexahedron, or cube, is a solid bounded by 
six squares : there are three plane angles about each 
of its solid angles. 

'3. — When one lin&« standing on another line makes 
the adjacent angles equal to one another, each of them 
is called a right angle. 

4. — An angle which is greater than a right angle 
is called an obtuse angle. 

5.— An angle which is less than a right angle is 
called an aciUe angle. 

6. — A quadrilateral figure which has equal sides, 
and it3 angles right angles, is called a square, 

7. — >A quadrilateral figure which has equal sides 
and two pairs of equal opposite angles is called a 
rhonib. 

8. — A quadrilateral figure which has two pairs of ' 
equal opposite and parallel sides, and its angles right 
angles, is called a rectangle. 

9. — A quadrilateral figure which has two pairs of 
equal opposite and parallel sides, but its angles not 
right angles, is called 2^ parallelogram. 

10. — All other, quadrilateral figures are called 
trapeziums. 



\ 
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LESSON VL 

M^'^Examme the last of these five 8<^ds. — ^What 
are the hce§ fdiich bound this soHd, and what is their 
nttmber? It is therefore called dodecakednm (from 
the Greek ZtHuca^ tweWe, and l^/>a, a seat). — Horn 
msmy plane angles are there about each of its solid 
ang^ ? Calculate the number of its edges and solid 
aog^ 

^*— The dodecahedron is a solid bounded bj tweWe 
pentagons ; there are three plane angles about each <^ 
its solid angles : it has thirty edgesy and twenty solid 
angles. 

M* — Examine the sides and angles of the pentagons. 

/*# — ^Tbey are equaL 

M^^^hxe the sides and angles of every pentagon 
equal? 

P4 — ^No ; for pentagons may be described of which 
the sides are unequal, as also the angles. 

M. — How will you distinguish the former from the 
latter? 

P, — The former is an equilateral and equiangular 
pentagon, a regular pentagon ; the latter an irregular 
pentagon. 

THE RHOMBOIDAL DODECAHEDRON. 

ilf.— What are the faces of this solid, and what is 
their number ? 

P4 — The faces are rhombs, and their number is 
twelve. 



/ 
I 
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M. — How, then, will you call this solid ? 

P. — Dodecahedron. 

M. — How will you distinguish this dodecahedron 
from the former ? 

P. — This may be called rhombic or rhomboidal 
dodecahedron ; the former, pentagonal dodecahedron. 

ilf.^— How many plane angles are there about each 
of its solid angles ? 

P, — About some of its solid angles there are three 
plane angles ; about others, four. 

M. — Compare these angles. Do you observe some 
difference respecting them ? 

P. — Those of which there are three about a solid 
angle are greater than those of which there are four. 

M, — Define these angles more strictly. 

P. — Some of the solid angles are formed by three 
obtitse angles ; others, by four acute angles. 

M. — How many of the angles of a rhomb are ob- 
tuse ? how many are acute ? 

P, — ^In a rhomb there are two obtuse and two acute 
angles. 

M, — ^How are they situated ? 

P, — They are opposite each other. 

M. — How many obtuse angles are there in all the 
faces of the rhomboidal dodecahedron, and how many 
of them are acute angles ? 

P. — There are twenty-four obtuse and twenty-four 
acute angles in all the faces. 

M, — How many solid angles, then, has this solid? 
and how many of each sort ? 



20 LESSONS ON FORM, BEING 

P. — There must be eight solid angles formed by 
the obtuse angles, and six solid angles formed by the 
acute angles ; — in all, fourteen solid angles. 

ilf-— See whether it is so. By what name will you 
distinguish each sort of solid angles ? 

P. — Those formed by the obtuse angles may be 
called obtuse solid angles ; the others, acute. 

M, — How many edges has this solid ? 

P. — Twelve edges. 

This and some of the following lessons being de- 
pendant on the results of the preceding, they may 
be considered as a repetition and application o^ 
the former. It is therefore not necessary to cause 
the substance of these lessons to be committed to 
memory. 

LESSON VII. 

THE BIPYRAMIDAL DODECAHEDRON. 

ilf.— Examine this solid. What are the faces, and 
what is their number ? 

P. — The faces are isosceles triangles ; their number 
is twelve. 

M. — How will you call this solid ? 

P. — ^Dodecahedron. 

M, — By what name will you distinguish this dode- 
cahedron from the other two ? It is usually called 
Upyramidcd dodecahedron, from another kind of solids 
with which you will hereafter become acquainted. — 
Examine its solid angles. 
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P. — Some are formed by six plane angles ; others, 
by four. 

M, — Endeavour to distinguish these angles the one 
from the other. 

P, — Some of the solid angles are formed by four 
angles which are at the hoses of the isosceles tri- 
angles : the other solid angles are formed by the 
angles which are opposite to the bases of the isosceles 
triangles. 

M. — How many angles are there at each of these 
bases of the triangles ? 

P, — Two angles at each base. 

M. — How may are there of this sort in all the faces ? 

P. — Twenty-four. 

M, — How many solid angles formed by the angles^ 
at the base, then, has this solid? 

P. — Six solid angles. 

M. — And how ,many solid angles formed by the 
angles which are opposite the base ? 

P. — Two solid angles. 

M> — What, then, is the total number of solid angles 
of the bipyramidal dodecahedron, and what must be 
the number of its edges ? 

P. — It has eight solid angles, and eighteen edges. 

M. — See whether it is so. 

THE TRAPEZOHEDRON. 

M* — Examine this solid. What are its faces ? 
P. — ^Its faces are quadrilateral figures — they are 
trapeziums. 
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M4 — ^This solid ^is therefore caUed trapezohednm. 
What is the number of its faces ? 

P. — It is bounded by twenty-four trapeziums. 

M. — Examine the angles of each trapezium. 

P* — ^Three of the angles are acute an^es, the 
fourth is obtuse. 

M, — Examine the solid angles. 

P. — Some of them are formed by four acute, the 
others by three obtuse angles. 

M, — Calculate the number of solid angles of each 
sort, the total number of solid angles, and the num- 
ber of edges. 

P.— It has eighteen acute solid angles, eight 
obtuse solid angles ; the total number is tvrenty-six 
solid angles, and the number of edges is forty-eight. 

M, — See whether it is so. 



LESSON vm. 

THE PYRAMID. 

M. (jmttinff several pyramids before his pupils. 
Examine these solids. What do you observe in 
them? 

P. — The faces of each. are triangles, except one, 
which is either a quadrilateral figure, or a pentagon, 
hexagon, &c. 

M. — These kind of solids are called pyramids. 
How would you call the unequal face ? 
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P. — Tlie base of the pyramid. 

M. — What kinfl of face may the base of a pyramid 
be? 

P.— Any polygon whatever. 

M. — How are the triangles situated ? 

P, — The triangles all meet in one point, which is 
opposite the base of the pyramid. 

M. — ^That point is called the summit of the py- 
ramid. What is the number of triangular faces ? 

P, — There are as many triangular faces as the base 
lias sides. 

M, — ^What, then, is the number of faces of a 
pyramid ? 

P. — As many faces as the base has sides, more one. 

M. — Examine the solid angles. 

P. — The angles at the base of the pyramid are 
formed each by three plane angles; and the angle 
at the summit, by as many plane angles as there are 
triangles. 

M. — What kind of triangles are they ? 

P. — Isosceles triangles. 

M. — What is the nmnber of solid angles in each 
pyramid ? 

P, — There are as many solid angles as the base 
has sides, more one. 

3f, — If the base of a pyramid is a triangle, by what 
name will you distinguish it from another whose base 
is a quadrilateral figure ? 

P. — The former may be called a triangular pyra- 
mid; the latter, quadrangular. 
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M. — Calculate the number of faces, edges, and the 
number of solid angles of a triangular pyramid. 

P. — A triangular pyramid has four triangular faces, 
six edges, and four solid angles. The tetrahedron 
is a triangular pyramid. 

M. — Calculate the number of faces, edges, and 
solid angles of a quadrangular pyrsChiid. 

P. — A quadrangular pyramid has five faces, four 
triangular faces, and one which is quadrilateral, which 
is called the base of the pyramid : it has eight edges, 
and nine solid angles. The octahedron is formed 
by two quadrangular pyramids, being joined base to 
base. 

M. — Look again at the bipyramidal dodecahedron. 
What do you now observe ? 

P. — It is formed by two hexangular pyramids join- 
ed base to base. 

M. — Thence its name. Give a description of a 
pyramid whose base is a polygon of twelve sides. 

P. — It has thirteen faces, twenty-four edges, and 
thirteen solid angles. 

M, — How many plane angles are there in all the 
faces, taken together ? 

P. — Forty-eight plane angles. 

M. — ^What is the number of sides in all the faces ? 

P. — Forty-eight sides. 
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LESSON IX. 

THE PRISM. 

M, (j>lacing several pT^sim before his pupils) — Exam- 
ine these solids. What do you observe ? 

P. — Two of the faces are polygons, the others are 
rectangles or parallelogranis. 

M. — Such solids are called prisms. Which of the 
faces would you call the base of the prism ? 

jP.— Either of the polygons may be its base. 

M» — Examine the solid angles. How are they form- 
ed, and what must be their number in each prism ? 

P. — Each is formed by three plane angles ; their 
number must be double the number of the sides of 
the polygon. 

M, — In what manner may you distinguish one prism 
from another ? 

P. — By its bases. A prism whose bases are triangles 
we would call triangular ; one which has quadrilateral 
bases we would call a quadrangular prism, and so on. 

M, — Enumerate the faces, edges, and solid angles of 
a quadrangular prism. 

P. — It has six faces, twelve edges, and eight solid 
angles. 

M. — Are you not already acquainted with a qua- 
drangular prism ? What is its name ? 

P. — Hexahedron, or cube. 

ilf. (showing the parallelepiped) — Compare this 
prism with the hexahedron. 

c 
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P. — The faces of the hexahedron are all equal ; 
they are all squares. In this solid, only two faces 
are squares ; the others are rectangles. 

M, — This prism is called 9, paraUelopiped. Enume- 
rate the faces, edges, and solid angles of a prism 
whose bases are polygons of twelve sides. 

P. — This prism must have fourteen faces, thirty-six 
edges, and forty- eight solid angles. 



LESSON X. 

SOLIDS BOUNDED BY CURVED FACES. 

THE SPHERE. 

M. — Examine this solid. What can you say of it ? 

P. — It is bounded only by one curved surface. 

M. — Imagine a point within this solid, exactly in 
the middle of it. What may be said of the surface 
relatively to this point ? 

P. — It is everywhere equally distant from this 
point. 

M, — This solid is called a sphere ; the point which 
is equally distant from ' every point of the surface, is 
called the centre of the sphere. Imagine a straight 
line drawn from any point of the surface of a sphere, 
through its centre, to the opposite surface : such a line 
is called a diameter (from the Greek ^id, through, and 
fiirpoy, measure).— How many diameters can be 
drawn in a sphere ? 

P, — As many as you please. 
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M. — What may be said, on comparing the diame- 
ters of the same sphere ? 

P. — Diameters of the same sphere are equal. 

M* — ^When are diameters of different spheres equal ? 

P. — When the spheres themselves are equal. 

M, — And, if two spheres are equal, what may be 
said of their diameters ? 

P. — Their diameters must also be equal. 

itf. — Imagine a straight line drawn from any point 
in the surface of a sphere to its centre : such a straight 
line is called a radius (from the Latin roMus^ a 
ray). How many radii can be drawn in a sphere? 
— Compare a radius with a diameter of the same 
sphere. 

P. — An indefinite number. — A diameter is just twice 
as long as a radius ; — a radius is only half a diameter. 

M. — ^If two or more spheres are equal, what may be 
said of their radii ? And if the radii of different spheres 
be unequal, what may be said of the spheres ? 

P. — If two or more spheres are equal, their radii 
must be equal ; and if the radii of different spheres be 
unequal, the spheres must be unequal. 

SUBSTANCE OF THIS LESSON. 

f 

1. A sphere is a solid bounded by one curved 
surface, which is everywhere equi- distant from a 
point, within the solid, called the centre. 

2. A straight line drawn from any point in the 
surface of a sphere, through the centre, to the opposite 
surface, is called a diameter. 

c2 



28 . LESSONS ON FORM, BEING 

3. A Straight line drawn from any point of the sur- . 
face of a sphere to the centre, is called a radius, 

4. A' diameter of a sphere is double the length of 
a radius of the same sphere. 

5. Diameters and radii of the same sphere, or of 
equal spheres, are equal. 

6. If spheres are equal, their diameters and radii are 
equal. 

7. If spheres are unequal, their diameters and radii 
are unequal. 

8. If the diameters or radii of different spheres are 
unequal, the spheres themselves are unequal. 



LESSON XL 

THE CYLINDER. 

M, — Examine this solid: it is called a cylinder. 
What can you say of it? 

P. — It is bounded by two opposite plane faces^ and 
by one curved face. 

M. — Represent the plane faces on your slates. 
What do you observe ? 

P. — ^Each is" bounded by one curved line. 

M. — Draw, on your slates, a figure, ^^--/^\_^^ 
which is also bounded by only one ) / 

curved line, and yet dissimilar to these C ) 

figures. Compare, now, these several J ( 

figures. ^-^ /"^ ' 

P' — The curved line which bounds one of the plane 
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faces of the cylinder is everywhere equally distant 
from a point within the figure. 

M, — Right. And, what would you call this point ? 

P. — The centre of the figure. 

M* — ^Yes ; and the curved line is called the circum- 
ference of the figure, (from the Latin drcumj around, 
Bxi^ferensy carrying,) — the figure itself being called a 
circle. — How would you define a circle ? 

P.— A circle is a plane figure, bounded by one 
curved line everywhere equi-distant from a point 
within the figure. This point is called, the centre of 
the circle ; and the curved line, the circumference. 

M, — A straight line passing through the centre 
of a circle, and teilninated, each way, by the circum- 
ference, is called a diameter; and a straight line 
drawn from the centre to the circumference, is called 
a raditis. — When circles are equal, what may be said of 
their diameters, and what of their radii ? If circles are 
unequal, what may be said of their diameters, and what 
of their radii ? If the diameters of several circles be 
equal, what may be said of these circles ? If the 
radii or diameters of different circles be unequal, what 
may be said of these circles ? 

(The pupils are, here, required to illustrate these 
several cases by drawing circles corresponding with 
each.) 

,M, — What happens, if part of a sphere be cut-off? 

P. — Each of the parts is a solid, bounded by one 
curved and one plane surface : the plane surface is a 
circle. 
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ilf.— If several parts be cut-off from a sphere, are 
the circles obtained by these secUons always equal ? — 
When are they equal ? 

P. — No. If the sphere be cut-through the centre, 
or if it be cut-through at equcU distanees from the 
centre^ — they are, then, equal. 

M. — Imagine a line drawn so as to connect the 
centres of the circular bases of this cylinder. Ex- 
amine the angles which this line makes with the faces. 

P, — The angles are right angles. 

M» — And, in this cylinder — what are the angles ? 

P. — They are not right angles. 

M, — In the former case, the cylinder is called a 
right cylinder ; in the latter case, an Mique eyUndery 
(from the Latin obliquus, indirect). 

SUBSTANCE OF THIS LESSON. 

1. The cylinder is a solid bounded by two oppo- 
site plane faces and one curved face. 

2. Each of the plane faces is called a circle, 

3. A circle is a plane figure, bounded by one 
curved line equi-distant, everywhere, from a certain 
point within the figure. 

4. This point is called the centre of the circle. 

5. The curved line is called the circumference. 

6. A straight line passing through the centre, and 
terminating, each way, in the circumference, is called 
a diameter. 

7. A straight line drawn from the centre to the 
circumference is called a radius. 
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8. When the straight line joining the centres of 
the circular bases of a cylinder is at rigkt angles to 
either of them^ the cylinder is called a right cylin- 
der ; when the straight line which joins the centres 
of the circular bases of a cylinder is not at right 
angles to either of them, the cylinder is called an 
oblique cyUnder, 

LESSON XII. 

THE CONE. 

M, — Examine these solids : they are called cones. 
What do you discover ? 

P. — They are bounded by one plane surface and 
one curved surface. The plane surface is a circle ; 
the curved surface terminates in a point. This point, 
in one of the cones, is directly over the centre of the 
centre : the straight line joining the centre and that 
point is at right angles to the base ; in the other cone 
it is not at right angles to the base. 

M. — The point, you have mentioned, is called the 
svmmit or vertex of the cone. By what name would 
you distinguish the one cone from the other ? 

P» — The one is a right, the other an chliqtiey cone. 

M, — Compare the cone with the other solids. To 
which of these has it the greatest resemblance ? 

P, — It is most like the p3rramid. 

M, — What sort of pyramid would be almost a cone ? 

P.— That pyramid whose base is a polygon of the 
greatest number of sides : the greater the number of 
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the sides of the base, the more nearly does the pyra- 
mid approach the cone. 

M, — ^Which of the other solids, besides the pjrra- 
mid, resembles the cylinder ? 

P. — The prism. 

M. — What sort of prism is most like a cylinder ? 

P. — That prism whose bases are bomided by the 
greatest number of sides. 

M. — And, which of the solids resembles the 
sphere ? 

P.— -The trapezohedrofiy or that sort of solid which 
is bounded by a great number of plane faces. 

M, — By what name would you describe a solid 
bounded by a great number of plane faces ? 

P. — Polyhedron — (from the Greek roKv^y many, and 
l^/oa, a seat). 

M, — What plane figure, bounded by straight lines, 
would most nearly resemble the circle ? 

P. — One bounded by the greatest number of sides. 



SURFACES. 



CHAPTER I.* 
STRAIGHT LINES : ANGLES. 

SECTION I. — ONE AND TWO STRAIGHT LINES. 

Mn — Mention the different parts of a solid. 

P. — Solid angles, edges, faces, sides or lines, plane 
angles. 

M* — ^In this and the following lessons, we shall en- 
deavour to discover the properties of some of these 
parts. For this purpose we shall begin with the 
lines; and, first, with (me straight line. Draw (me 
straight line, and state all you discover respecting it. 

P. — A straight line has length— it extends in a cer- 
tain direction. This is not really a straight line, but 
a solid ; it merely represents a straight line — it has 
two ends or extremities. 

ilf. — ^What are the extremities of a straight line ? 

P.— Points. 

M, — Tell me, now, what can be done with a straight 
line. 

P, — It can be lengthened, so as to become very 

* This division, into chapters and sections, is adopted, now, for 
the sake of preserving the continuity of the subject. In the course 
of tuition, however, each section may be found to comprise several 
lessons* 

c5 
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long — it can be shortened, so as to become very short : 
a straight line may be drawn so as to join any two 
points, but not any ihree^ or 2Jiyf<mr^ or more points. 

ilf.— Draw two straight lines, and state all you 
can discover from a consideration of them., 

P, — They may be equal in length; they may be 
unequal in length; they may have the same direc> 
tion—they may have different directions; they may 
cross each other. 

M, — In order to distinguish the one line from the 
other, designate the extremities of the one by the let- 
ters a, b ; and the extremities of the other by the let- 
ters c, d, — Show me, now, on your slates, the various dis- 
coveries you have made respecting two straight lines. 



P. — 1. The line a ^ is equal to the 
line cd, I ^ 



2. The line ah\&not equal 
to the line c d. 




w 




3. ^ h t 



I " f 9 f^ 

The line a h has the same direcHon as the line c d. 
The line e f has, likewise, the same direction as the 
line g h, 

4. Tlie line a h has not the same 
direction as the line c d, 

I 

M. — In the first case which you have stated, if the 
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line a 6 is equal to the line c d, what happens, if you 
imagine the line c d applied to the line ab? 

P, — The extremities of the line cd may be upon 
the extremities of the line a 6, or they may not, 

ilf.— *How must the line c dhe applied to the line 
a 6 so that their extremities shall be upon one an- 
other, or shall coincide 9 

P, — One extremity of the line c d must be ima- 
gined to be upon one of the extremities of the line 
ab; then, the other extremity of c d will fall upon 
the other extremity o£ab. 

M, — In other words, if the straight line c d he 
placed upon the straight line a b, so that the point c 
be upon the point a, the point d of the straight line 
c d Finish the sentence. 

P. — Must fall upon the point b of the straight line 
a b. 

M.—Why ? 

P. — Because the line ab is equal to the line c cL 

M, — If these straight lines be not applied in this 
manner, will their extremities coincide ? 

P. — No: their extremities will not be upon one 
another (will not coincide), ^ 

M, — In case 2, can the extremities of the lines 
coincide ? Why not ? 

-P. — No ; because the lines are unequal. 

M. — By what means can these lines be made equal ? 

P* — Either by cutting-off from the longer a part 
equal to the shorter, or by lengthening the shorter 
until it becomes equal to the longer. 
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If.— Instead of '^lengUieiiing,'' say prodwemg. In 
caseS, what maybe said of the lines a^anded^ if thej 
be produced ever so fiur both ways ? 

P4 — ^That these lines will never meeC 

M, — Straight lines which, whoi produced ever so 
^ both ways, never meet, are called panJU Umea^ 
Ila/DaXXijXoc, from vapdy beside^ and clXX^X^r, eiveft 
o^er. What will happen if e/ and ^ A be produced 
both ways? 

P. — They will meet and fimn Iml erne straight line. 

Jf.r— In case 4, what will hi^ppen, if a h and e <l be 
produced both ways ? 

P.— These lines will meet and will cross each other. 

M. — Instead of ^ cross," say wienKt each other. 
The place where they intersect is called the jxwnf cf 
iniersection. Draw two lines which shall intersect each 
other. 

P, — a 6 and c£? intersect each yc 

other, at the point e, which is, ^ ^ X J^ 

therefore, their point of inter- 
section. " 

M^ — ^What do straight lines form by intersection? 

P. — They form [four] angles. 

M. — And if two lines meety how many angles do 
they form ? 



P.— Either two angles or one a x j 

d 
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M. — The point in which the two lines meet is called 
the vertex of the angle; the lines themselves are 
called the legs of the angle. An angle is usually ex- 
pressed by putting a letter at the extremity of each 
leg, and at the vertex; and, in naming the angle, 
the letter which stands at the vertex is inserted be- 
tween the other two ; thus, c b a, / ^ 
or ahc. — ^If the legs of an angle 

be lengthened or shortened, is the i/- c 

angle thereby altered ? — ^Why not ? 

P. — The angle is 910^ altered ; because the inclina" 
turn of the two lines is not altered by either lengthen- 
ing or shortening the legs. 

M. — ^If two lines make an angle^ what may that 
angle be ? 

P. — Either a right, an obtuse, or an acute angle. 

a 
a 6 c is a right angle ; 

I 




def is an obtuse angle ; 
^ A ^ is an acute angle. 



Jlf— Are aU obtuse angles equal? 
P, — No: abc and 
def are ho^ obtuse /, 



angles ; but, a 5 c is, 
obviously, less than def. 
M* — Are all acute angles equal ? 
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P. — No; abc 
and def are both ^ 
acute angles ; but, abc is manifestly greater than d efi 

M, — Are aJl right angles equal ? 

P. — Yes ; all right angles are equal. 

ilfd— 'How, then, is it possible to distinguish one 
obtuse angle from another obtuse angle,— one acute 
angle from another acute angle ? 

P* — By comparing each with a right angle. For in- 
stance, one obtuse angle may be a right angle and half 
of another right angle ; and another obtuse angle may 
be a right angle and one-third of another right angle ; 
one acute angle tnay be half of a right angle^ and 
another lacute angle may be one-third of a right angle. 

M. Draw several equal and unequal obtuse angles. 
Draw several equal and unequal acute angles. 

P.— 

/ 





M. — Make an angle equal to another angle. 
P. — The angle a ^ c is /«' /^ 



equal to the angle def. ^ 



:Z 



ilf..^Make a third angle which is equal to the angle 
def 
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p, — g h k\^ equal to d ef, / * 



'9 

M. — Compare the angle g h k with the angle a b e. 

P. — They are equal. 
-^ M. — And, if two angles, together, are equal to a 
certain angle, and two other angles are also, together, 
equal to the same angle, what may be concluded ? 

P. — That the first two angles are, together, equal to 
the second two angles. 

M, — Express this truth generally. 

P, — Angles which are equal to the same angle are 
equal to one another, 

M. — Make two eqttal angles, and a third angle 
not equal to either. 

/a A 




M. — To each of the equal angles add the angle g hh.* 
what are the sums 9 

P. — The angles abcmdg h k, together, are equal 
to the angles d efsLnd g h k', together. 

M. — Express this generally. 

P. — If the same angle he added to equal angles, the 
sums are equal. 

Jif.— Instead of adding the same angle, what might 
be substituted ? 

P. — Equal angles might be added. 

iff. — ^When one line mkkes two equal angles with 
another line, what are these angles called ? 
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p. — Right angles. 

ilf. — Draw two lines so, that they may be at right 
angles to each other, — thatis, form right angles. 



P, — The angles adc and 
bdc are right angles. 



i 



^b 




M. — Then, if the adjacent angles, formed by the 
tneeting of two straight lines, are equal, what are 
they called ? Draw two straight lines which are noi 
at right angles to each other, and name the angles 
which they form. 

P. — The angle a ^ c is 
grecUer than a right angle — 
it is an obtuse angle ; and the 
angle a b d is less than a 
right angle — it is an acute angle. 

M. — How may you ascertain that the angle a b e 
is not a right angle ? 

P. — By comparing it with its adjacent angle ab d; 
if the angle ab c \s not equal to its adjacent angle 
ab dyit'is not a right angle. 

M. — How may you ascertain that the angle ab c 
is greater than a right angle ? 

P. — By drawing from 
the point b another line, 
b e, making right angles 
with c d, c.-^ 5. 

M.'-By what angle is a be greater than a right 
angle? 
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P. — By the angle ab ei 

M. — And, by what angle isah d less than a right 
angle ? 

P. — By the same angle a b e, 

M. — If, then, the two adjacent angles be not right 
angles, what may be said of the obtuse and the acute 
angle when compared with one right angle ? 

P.— pThe obtuse angle is as. much greater than one 
right angle, as the adjacent angle is less than one 
right angl^. 

M. — ^What, therefore, may be said of the sum of the 
two angles which one straight line makes with anotlier 
straight line ? 

P. — The two angles which one straight line make& 
with another straight line are, together, always equi- 
valent to two right angles. 

M, — If the angle a b c is 
one right angle^ and one- 
half of a right angle, that is, I d 

i right angles, what part of i 

one right angle is its adjacent angle ab d? 

P. — The angle abdxsh right angle. 

J|f._Why ? 

P. — Because the angles abc and abd are, together, 
equal to two right angles, (that is, ^ right angles,) and 
ab c\%l right angles : therefore, abc must be 3 right 
angle. 

M. — What may be concluded from this example ? 

P.—- That if one angle be known, its adjacent angle, 
likewise, may be known. 
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ilf.— How, then, may you ascertain tbe magnitude 
of the adjacent angle ? 

P. — By subtracting the known angle from iwo 
right angles. 

M. — Compare each of the 
angles a b c and c b d with 
two right angles. } 

P. — The angle a b c is equal to two right angles 
minus [less] the angle c b d. The angle cb d U 
equal to two right angles mintu [less] the angle a be* 

ilf.— We shall, now, substitute signs for words fre- 
quently occurring; thus, put Z. instead of oit^i!?, ^8 
instead of angles ; = instead oi is or are equcd to ; 
-* instead of less [minus] ; rt. Z. instead of right 
angle; rt /.s instead of right angles, — Now, re- 
write the last two sentences on your slates, and 
make use of these signs. 

P.— /c 
Labc'=.^xX..L^-~Lchd 
L cbd^2 rt. Ls — a be. a 2^ 

M. — What is the number of angles formed by two 
straight lines intersecting each other ? 

P.— Four. 




M. — What may be said of them ? 

P. — They are either four right angles, or they are, 
together, equal to four right angles. 

M. — If one of them is a right angle, what must 
each of the others be ? 
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P. — Also, a right angle. 

M. (drawing^ on the school-' 
skUCy two lines intersecting 
each other*) — Name two of 
these angles which, together 
are equal to two right angles, d 

P. — The angles am c and c mb. 

M, (writing*) /^s am c and c m b zz 2 rt, Z.s> 
Name two other angles which are also equal to two 
right angles, and let am c be one of them. 

P, — The angles am c and am d. 

M. (writing,) /.same and amd zz, also, 2 rt. 
Z s : hence, the angles a m c and cmb are together 
equal to — what other two angles ? 

P.— The two angles amc and am d, 

M. (writing.) — Hence, As a m c and c mb s=z Z. s 
amc and a m d. If the angle a m c be taken away 
from the former two angles, and, also, from the latter 
two angles, — what angles remain ? 

P. — The angles cmb and amd. 

M. — And, what may be said of these angles ? 

P. — That they are equal. 

M, (writing,) — If the angle am c be taken from 
each of these equals, there remains 

l_cmb^=iLamd, 
How are the angles cmb and amb situated ? 

P, — They are opposite each other. 

M* — For this reason, they are called opposite or ver- 
tical angles. Can you tell me why they are called 
vertical f 
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P. — Because the vertex of the one angle is, like- 
wise, the vertex of the other. 

M. — What other angles are, here, vertical ? 

P, — The angles amc and h m d. 

M. — Compare them. 

P. — They are equal. 

ilf.-- Hence, the opposite or vertical angles formed 
by the intersection of two straight lines 

P. — Are equal to each other. 

Jf. — This truth we have estahlished; we have 
proved it to be true. If, then, you were called-upon 
to prove, that, ^Hftwo straight lines intersect each oiher, 
the opposite or vertUxd angles are equaiy* what would 
you do ? 

P, — We would do as we have just now done. 

M, — Well — the method by which a mathematical 
truth, such as this, is proved, we call its demongtratkm^ 

ilf. — I shall rub out what I have written. Demon- 
strate, each of you^ that, << if two straight lines intersect 
each other, the opposite or vertical angles are equal." 

The master will, here, have an opportunity of judg- 
ing whether what precedes has been clearly understood. 
It is of importance that the written demonstration 
should be well performed, — the lines being neatly 
drawn, &c. The signs, which have been introduced, 
tend to render the expressions capable of being more 
quickly revised, and to facilitate the detection of 
errors. The following is a specimen of the manner 
of demonstration recommended : — 

If two straight lines intersect each other^ the opposite or 
vertical angles are equal 
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Let the straight lines a b and 
c d intersect each other in the 
point m ; the vertical angles amc d 
and b m dy and, also, c m b and 
amdy shall he equal. ^d 

Because /^s a m c and c m b z= 2rt. ^s, 
and, also, the ^s c m b and b m d i= 2 rt, ^s ; 
therefore, ^s amc and cmb =^ ^s c m 6 and bmd : 
from each of these equals take-away ^ cm b ; 
there remains ^ am c =^ bmd. 
Again, 

Because ^%amc and c m b ^= 2 rt, ^s, 
and, also, the ^s a m <r and a 971 ^ i:: 2 rt. ^s; 
therefore, ^s o »i c and c m bzz ^s o »i c and amd: 
from each of these equals take away ^ amc; 
there remains cmb^zzamd. 

M, — On what truth does this demonstration chiefly 
depend ? 

p, — That the two angles which one straight line 
makes with another straight line are together equal to 
two right angles. 

Jlf.^-There are two other trutlis referred-to in 
your demonstration : what are they ? 

P. — Angles which are equal to the same angles are 
equal to each other ; and, if the same angle he taken 
from equal angles, the remaining angles are equal. 

M. — ^Do these last-mqntioned truths require de- 
monstration ? 

P, — No ; they are acknowledged at once. 
M. — Will it he readily admitted that, the two angles 
which one straight line makes with another straight line 
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are equal to two right angles ; and that, if two straight 
lines intersect each other, the vertical angles are equal? 

P. — No ; these truths must be proved ; they require 
demonstration. 

M. — Truths which arc at once coincedtdt and, there- 
fore, do not require demonstration, are called £uckmiw. 
(Greek d^Cta/Aaf from afioc, toorthy^ — a proposition 
wortJiy of being believed.) 

M. — Instead of saying, '< Angles which are equal to 
the same angles are equal to each other,*' we might say, 
in general, <* Thirds which are equal to the same thing 
are equal to each other." Generalize the other axiom 
in a similar way. 

P.«— If equals be taken from equals, the remainders 
are equal. 

M, — Endeavour to generalize a similar axiom. 

P, — If equals be added to equals, the sums are equal. 

Jf. — From what obvious truth did you deduce this 
general axiom ? 

P. — ^If equal angles be added to equal angles, the 
sums are equal. 

The pupils will probably mention several axioms : 
if not, they may be led to discover some. 

It is of importance, that the substance .of this sec- 
tion should be reduced to concise sentences, which 
ought to be written on the school-slate and committed 
to memory. 

SUBSTANCE OF SECTION I. 

1. A line is length without breadth. 

2. The extremities of a line are points. 
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3. Two Straight lines may either be parallel or not. 

4. Parallel lines are such, that, if produced both ways 
ever so far, they do not meet. 

5. If non-parallel lines be produced far enough, 
they meet or intersect each other. 

6. If two straight lines meety they may either form 
one angle or two angles. 

7. An angle is the inclination, to one another, of 
two lines, which meet in one point. 

8. That point is called the vertex of the angle ; and 
the lines which contain the angle are called its legs. 

9. Angles may either be equal or unequal. 

10. If one straight line standing on another straight 
line makes the adjacent angles eqtml to each other, each 
of them \S called a right angle. 

11. All right angles are equ^l to each other. 

12. An obtuse angle is that which is greater than 
a right angle. 

13. An aclite angle is that which is less than a right 
angle. 

14. All obtuse angles are not equal to each other; 
nor are all acute angles equal to each other. 

15. The two angles, which one straight line malfes 
with another straight line, are either two right angles, 
or they are together eqtml to two right angles. 

16. If two straight lines intersect each other, the 
four angles about the point of intersection are either 
four right angles, or they are, togethery equal to four 
right angles. 

17. If two straight lines intersect each other, the ' 
opposite or vertical angles are equal. 
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The axioms should, in a similar manner, be written, 
and learnt by heart. 

Frequent repetition of what precedes is indispensa- 
bly necessary before beginning the next section. The 
pupils must be able to write the preceding sentences in 
their crdeTy whenever they are so required, and great 
strictness is to be observed with regard to the demon- 
stration of No. 17. 

SECTION II. THREE STRAIGHT LINES. 

Jf. — Draw three straight lines, and state what you 
observe respecting them, proceeding as you did with 
two straight lines. 

P. — ^Three , .-, « 

straight Imes 
may be equal. 

2nd. Two 7 ;? ^ -. 

of them may 
be equal, and the third unequal. 

3rd. All TT T 

, ft ^6 e d t f . 

three may be ^ 

unequal. 

4th. They may all three be par- ^ ^ g 

allel. ^ -f 

5th. Two of them may be parallel, ^ 

c 

and the third non-parallel. 

/ 

6th. All three maybe non-par- « 
allel. 
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M, — In the first case, if the equal straight lines a hy 
c dy efy be placed upon each other, so that their ex- 
tremities a, c, e, coincide, what must happen ? 

P.— Their other extremities ft, dy and fy must like- 
wise coincide ; because the lines a by c dy. and ef are 
equal. 

M. — If the line a ft be added to each of the other 
lines c d and efy what will the sums be ? 

P. — a ft together with c d must be equal to o ft to- 
gether with ef, 

M.—Why? 

P. — Because if equals are added to equals, the sums 
are equal. 

iHf.— Instead of writing, "aft together with c d is 
equal to a ft together with efy** we shall make use of a 
sign for the words " together with," — thus : 

aft + crfzzoft + ef 

In the second case, if the lines abyC dy efhe placed 
so that their extremities a, c, ey shall coincide, will 
their other extremities ft, dy and^ likewise coincide ? 

P. — The extremities ft and d of the equal straight 
lines a ft and c d will coincide ; but the extremity/ of 
the t^nequal straight line ef will not coincide. 

M. — If the line a ft be added to each of the other 
lines c d and ef what will their sums be ? 

P. — Unequal: for a ft 4-c c? are not equal to a b-^-ef 

JHf.—Why not ? 

P. — Because a ft andc cfare equal, and ef\s imequal ; 
and if equals be added to t^nequals, the sums shall be 
unequal. 

D 
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M, — But if the line ef be added to each of the equal 
lines a h and c dy what will the sums be ? 

P.— ^ b + ef^= c d + ef; because, &c. 

iHf. — ^In the third case, can the unequal lines a b, 
c dy and efy be so placed that their extremities may 
coincide? 

P, — No; thX, lines may coincide, but their extre- 
mities cannot : because abycdy and ef are unequal. 

Jf.— If the line a 6 be added to each of the other 
lines, c d and ef what will the sums be ? 

. P, — ^The sums must be unequal : because the same 
.line has been added to imequal lines. 

M. — In the^^r^ case, can the parallel lines a by 
c dy and, ef intersect ? 

P. — No ; because parallel lines are such that, if 
produced ever so far, they never meet. 

il!f.— If, then^ it were discovered that these lines do 
meet, what must be concluded ? 

P, — That they are not parallel. 

M, — In the fifth case, since the line «/is not par- 
allel to the parallel lines a b and c dy what will happen 
if c/ be produced ? 

P. — ^The line e f will intersect both the parallel 
lines a b and c d. 

. M, — Represent this on your slates ; put letters at 

the points of intersection. Which of the angles are 

equal ? ^ 

P,-^^age:=i l^hgb\iQity „ S / ^ 

Aaghzn Z.e ab I^^^Y 
I ^ r J > are ver- 

Z ^^i7=Z/^rf(tical 

Z chfz=.^ghdj angles. // 
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M. — Examine these angles more closely : are others 
of them equal, besides those you have mentioned ? — 
How is the inclination of the line a g to the line ef 
expressed? 

P, — By the angle a g CyOx by the angle a gf. 

M, — Is there another line which has the same incli- 
nation tjQ ef which a g has to ef? 

P. — Yes ; the line c h or c d : because a g and c h 
are parallel. 

M. — And, how is that inclination expressed ? 

P. — By the angle c A c, or by the angle c hf 

M. — What angles, then, must be equal ? 

P. — The angle age must be equal to the angle 
c h e, and the angle c hf to the angle a g h. 

M, — How are the angles age and ch e situated 
with regard to each other ? 

P. — The angle age h without — the angle che 
is within^ the parallels. 

M. — The angle ageis, therefore, called the exterior, 
and the angle che the interior and opposite angle. If, 
then, two parallel lines intersect another straight line, 
what may be said of the angles which they form ? 

P. — If two parallel lines intersect another straight 
line, they make the exterior angle equal to the interior 
and opposite angle. 

M. — Let a h and c dhe two 
ptirallel lines intersecting an- 
other straight line, ef in the 
pbints g and h. What are the 
exterior and the interior and 
opposite angles ? •^ ^ d 2 
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P. — The exterior £agezz inter, and oppo. i_che. 
» , L cA/=: „ „ L f^gf" 

» Z. bgezz, „ „ 2i rfA^. 

„ Lfhdzz. „ „ Lhgf. 

M. — ^To what other angle is z. ag e equal? 

P. — To the angle b gf; because age and h gf 
are vertical angles. 

M. — What must you thence conclude ? 

P, — That the angle 5^/ is, also, equal to the angle 
che. 

M. — Angles which are situated as the angles b gf 
and ch ey are called dUemate angles. What angles, 
besides these, are similarly situated ? What are the 
alternate angles ? 

P. — The angles b gfBnd c h e are alternate. 
„ a gf and d h e are alternate. 

M. — Then, if two parallel lines intersect another 
straight line, they make the exterior angle equal to the 
interior and opposite angle, and ? 

P. — They make the alternate angles equal to each 
other. 

M. — Endeavour, now, to demonstrate this latter 
truth with as much precision as you have proved No. 17. 

P. — Let the parallel lines a b / 

and c d intersect another straight o, ihk. h 

line ef; the alternate angles am/* ^ /n A. 

and dne shall be equal, and, also, f 

the alternate angles b mf and c ne. J 

Because the parallel lines a b and c d intersect ef 
the exterior ^emb =^ interior and opposite L dne. 
But ^ e w 6 = its vertical Z a mf; 
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therefore, ^1 « ^/= Z. ^ » «• 

Again, 
Because the parallels a b and c d intersect the straight 
line efy 

" the ext. l_ am e •=' int, opp. L c n e : 
But, ^ a w e = its vertical L hmf; 

therefore, L hmfzz. ^ cne. 

M. — What axiom did you make use of in this de- 
monstration ? 

P. — Angles or things which are equal to the same 
angle or thing, are equal to each other. 

M, — ^Let the parallel lines a^ 

a h and c d meet the line ef 




in the points b and d. Which / / i 

of these angles would you call 
interior angles ? 

P. — The angles abd arid cd b are interior angles. 

ilf. — ^What angle is equal to the angle abd? 

P. — The angle c dfis equal to the angle abd; be- 
cause Z. c df is the exterior, and Lab d^ the in- 
terior and opposite angle. 

M. — Hence ^ ab d -{- ^c d b is equal to 

P.— ^ cdf +'/icdb. 

M, — And what do you know respecting the angles 
cdf+cdb? 

P.— Z. cdf + /icdb =z2tU ^s. 

M. — What do you thence conclude ? 

P. — That the two interior angles, abd + cdb = 
2 rt. ^s, likewise. 

M. — Express, now, in words the truth we have just 
discovered. 
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P, — If two parcUlel lines meet cmoAtr straight iinef 
they make the two interior angles^ together, eqwd to two 
right angles. 

M, — Demonstrate this truth. 

P. — Let the parallel lines 
ahyC d meet the line efin the 

points b dy the ttco interior 

angles abd and c db shall, to- ' ^ i / 

gether, be equal to two right angles. 

Because the lines a b and c d are parallely 
the ext. ^ c df = int. opp. ^ abd. 
To each of these angles add ^ cdb ; 
then, /^cdf ^ ^cdbzz, /^abd -^ ^cdb. 

But /i c df + Z.C d b =z 2 Tt. Z.^ ; 

therefore, ^ abd '\- ^c d b ^^ likewise, 2 rt. ^s. 

JLT. — What axioms did you use in this demonstra- 
tion ? 

P. — *^ If equals be added to equals, the sums are 
equal ;" and, « things which are equal to the same 
thing are equal to each other." 

M. — Demonstrate this truth from the equaUiy of the 
alternate angles. In doing so, you will, of course, use 
ititersected lines. 

P. — Because a b and c d are * 7^ " 

parallel lines, /. 6 ^/= Z ^/^> 
each being an alternate angle. 

To each of these angles add ^ a ef; 

then, z bef+ j^aef=z Z c/e + Z ^ef 

But, Z*«/+ Z«c/=2rt, zs; 

therefore, the 2 int. Z.^9 c f e + a ef=: likewise, 

2 rt. zs. 
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M, — Since the 2 int. Zj^yaef-\- cfe = 2 rt, /.s, 
what must the 2 exterior ^s, cfn + a emhe? 

P, — The 2 ext ^s, c/ w + o c m, must be equal to 
2 rt /.s : because the 2 interior angles, cfe-^-a efy 
together with the 2 exterior angles, cfn + oe»»=4 
rt. angles, and it is known that the 2 interior Z^Sycfe 
+ ae/i= 2 rt, ^8 ; therefore, the 2 ext .^s, cfh -f- 
a e my must be equal to 2 rt. ^s. 

Jf. — Demonstrate this on your slates. 



P.— Because 




^s cfn + c/e zz 2 rt. ^s, 

and, also, ^s, a e m + a c/ = 2 rt. ^s ; 

therefore, j^SfCfn + ^/c + aem + a c/= 4rt. /.s. 

But, ^s c/c + o cy* = 2 rt. ^s ; because o b and c/ 

are parallel : therefore, 

the 2 ext. ^s^cfn -\- a e m =z likewise, 2 rt. ^s. 

M. — If it be known that, the ^ 

exterior angle ocfe is 7M>^ equal to 
the interior and opposite angle f 
abdy what must be concluded ? I d 

P. — That the lines ab and d c are not parallel. 

M. — Again, if it be known 

that the angles a c/and dfe 

are not equal, what must be 
concluded ? /J 
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P. — That the lines a b and c cf are not parallel. 

ilf. — Again, if itbeknown 
that the 2 interior angles 
aef •\' cfe are not equal "" 
to 2 rt. ^8, what must be 
concluded ? 

P.— That the lines a h and c d are not paralleL 

M. — If the ^s, aef •\' cfe^ are not equal to 2 rt« 
^s, what may they be, together? 

P. — They may be together either more or less than 
2 rt. ^8. 

ilf. — If the angles aef'\- cfe be less than 2 rt. ^s, 
i^hat will happen if the lines ab^c dj be produced 
both ways ? 

P. — The lines a h and c d will mee<^ toward a and c 

Jf. — If the angles hef -{■ dfe be more than 2 rt. 
^s, what will happen if the lines a b and cdhe pro- 
duced both ways ? 

P. — The lines a b and c^ will not meet toward the 
points by d, 

M. — Hence, if any two straight lines intersect an- 
other straight line, on which side of this line will the 
two lines meet, if produced far enough ? 

P. — The lines will meet on that side of the in- 
tersecting line where the two interior angles are toge- 
ther less than two right angles. 

M, — If, then, we wished to d&certain „ 

a, o 

whether the lines a b and c d are parallel 

or not, what must be done ? ^"^ 
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P. — A third line must be drawn so as to intersect 
a b and c d ; and, then, we must ascertain whether 
the exterior angle is equal to the interior and opposite, 
or not ; or, whether the alternate angles are co-equal 
or not; or, 'whether the two interior angles are, toge- 
ther, equal to, less than, or more than, two right angles. 

M. — In the 6^ case, what will happen if the non- 
parallel lines a 5, cdy ef^ be produced far enough ? 

P, — They will meet and intersect each other. 

JHf. — ^In how many points can they intersect ? 



P. — In one point ; 



or, in two points ; 





-I 



or, in three points. 



^' — If three lines meet in (yne point, how many 
angles can they make ? 



^- — Either two angles ; 




d5 
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or, three 
angles ; 




or, four 
angles » 



or, five angles ; 
or, six angles. 




M. — If three lines, meeting in one point make two 
angles, what may these angles be ? 

P. — Only acute angles : 
for, if the angles a b c and 
cb d were right angles the 
lines a b and b d would be 
in one straight line thus : — 
and, if the angles a b c and c 
c bd were obtuse, the three 
lines a by c by and d b would 
make three angles, thus : — 




V 



\ 



\i 
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a 



d 



Jlf.^Hence, if three lines, meeting in one point, 
make two right angles, what must be concluded ? 

P. — That two of these lines are one and the same 
line. 

M. — But, if three lines, meeting in one point, make 
two angles which, toget/iery are equal to two right 
angles, what must then be concluded ? 

P. — That the lines ab .^ 

and dh are but one and 

the same line ; for, the d ^ d 

line c h may be at right ^ 

angles or not 

M, — Hence, if you were 
required to ascertain, whe- 
ther a b and d b are one and 
the sdme line or not, what would you do ? 

P. — We would endeavour to ascertain whether the 
angles, abc -{■ db c -s^ 2 rt, ^s, or not 

M, — If three lines, meeting in one point, make two 
angles, what may these angles be found as to equality 
when compared ? 

P.F— Either equal or unequal. 

M- — If the angles a b c and 
cbd are equal, what happens when 
the angles are placed upon each ^ 
other, so that their vertices coincide ? 

P, — a b will fall upon b d and coincide with it. 

M. — And, if a 6 = 6 ^, what, then, will result ? 

P. — The point a will be upon the point d. 
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M, — But, if the angles ahc and chd 
be unequal, and be so placed upon each 
Other that their vertices coincide, will 
a h then be upon b df h 

P. — No : a h will either be within the angle ch dy 
or, without it, — according as the angle ahc\& greater 
or less than the angle chd* 

M. — What may the sum of these two angles be ? 

P, — They may, together^ be either less than one 
right angle ; or, they may be, together, equal to one 
right angle ; or, they may be greater than one right 
angle, but they must be less than two right angles. 

M. — If three lines make three angles, what is the 
sum of these angles ? 

P, — They are together equal to two or to four right 
angles. 

M, — Show this. 



P.— 



The 3 218, arfc -f crfc + erf ft = 2 ^s, arfc + c rf ft. 
But the 2 ^is, a rfc + c rf ft = 2 rt Z8 ; 
therefore, theS ^s, arfc -f c rf« ^ e d b =z likewise, 
2 rt. ^s. 



Next, produce apy of the three lines, ad; J 





the Sz,s ad b + arfc -f ft rfc = the 4 ^s a rfft + 
^adc + bde + e d c 
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But the 4 ^Syodb + adc + bde + e<f c = 4rt.^8; 
therefore, the S ^s^ adb + ad c -\- b d c=: 4 rt, ^s. 

M. — If three lines, meeting in one point, make either 
four, five, or six angles, what is their sum in each 
case? 

P. — Four right angles. 

M. — What, then, is the sum of all the angles about 
one point ? 

P, — Always four right angles. 

M, — If three lines meet and intersect each other in 
two points, what is the least, and what the greatest, 
number of angles which they can form ? 

P, — The least number is two / 
angles ; 




and the greatest number, eight 
angles. 

J 
M. — In the former case, if each of the angles, da b 

and c b a, is SL right angle, what must we conclude? 

P' — That the lines d a and c b are parallel. 

M. — And if their sum is = 2 rt« ^s ? 

P* — That the lines d a and c b are parallel. 

M, — But, if their sum be less or greater than 2 
rt-^ls? 

P. — ^If their sum be less, b a and c d must meet 
toward the points c and d; and if their sum be greater 
than 2 rt. ^s, the lines d a and c b will not meet. 

M. — In the former case, the lines da and cb are said 
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to converge towards e and d; and, in the latter case, 
they are said to diverge. 

M. — If three lines, intersecting each other in -two 
points, make eight angles, what is their sum ? 

P. — Their sum is equal to 8 rt. ^s. 

M, — If three lines meet and intersect each other in 
three points, what is the least, and what is the great- 
est, number of angles they make ? 

a. 

P. — The least number is three 

angles ; 

\c 

and the greatest number is twelve 

ancles. h _ 

M, — What do you observe respecting these lines ? 
P. — They inclose a space — they form a triangle, 

SUBSTANCE OF tHIS SECTION. 

18. If two parallel lines intersect another straight 
line, they make the exterior angle equal to the interior 
and opposite angle. 

19. If two parallel lines intersect another straight 
line, they make the altemate angles equal to each other. 

20. If two parallel lii^es meet another straight line, 
they make the two interior angles together equal to 
two right angles. 

21. If two straight lines intersect another straight 
line, so as to make the exterior angle not equal to the 
interior and opposite angle, these two lines are not 
parallel. 
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22. If two Straight lines intersect another straight 
line, SO as to make the alternate angles not equal to 
each other, these two Imes are not parallel. 

23. If two straight lines meet another straight line, 
and make the two interior angles, together, less than 
two right angles, these lines will meet if produced 
far enough on that side of the line on which are these 
interior angles. 

24. If, at one point in a straight line, two other 
straight lines make the adjacent angles, together, equal 
to two right angles, these two lines are in the same 
straight line.' 

SECTION III. 

ONE TRIANGLE. 

M. — State all you have learnt concerning triangles. 
(See Lesson IV.) — We shall now examine triangles 
more minutely. Can there be a triangle of which all 
the angles are right angles ? 

P» — No : for, if each of the angles ahc 
and a ch were a right angle, the lines / 




a h and a c would be parallel and, there- / \ 

fore, could not meet at the point a ; ^^ ^ ^ 

nor could a h and he meet if the ^s, h ac and b c a 
were right angles, — ^nor a c and b ci£ the ^s, cab 
and ch a were right angles. 

M, — Try if two of the angles can be right angles. 

P. — ^They cannot ; there cannot be a'' triangle of 
which two angles are right angles : for, 
if ^8, a ft c and ach were right angles, 
a b and a c would be parallel, and, there- 
fore, could not meet at the point a, ^ 
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M. — What, then, must be concluded with respect 
to the sum of any two angles of every triangle ? 

p, — The sum of any two angles of every triangle 
must be less than 2 rt ^s: for, if «^ 

2ls, ahc 4- ach-zi. 2rt. ^s, the lines 

a b and b c would be parallel, and could & /_ \ e 

not, therefore, meet at a, 

M, — Can one of the angles of a triangle be a right - 
angle ? Such a triangle is called a rtght-angled triangle. 
Can there be a triangle of which the three angles are 
obtuse angles; or, of which two angles are obtuse an- 
gles ; or, of which one angle is obtuse ? 

P, — The three angles of a triangle can- a 
not be obtuse; because, if ^s a &c and ach 

are obtuse, then ^^^ ab c ■\- ac h are J^/ \c 

greater than 2 rt. ^s ; and, therefore, a b and a c cannot 
meet at a, but must diverge continually : and the saitie 
may be said of the lines a b and b c,or ac and c b. 

For the same reason, there cannot be a triangle of 
which two angles are obtuse : but the one angle 
of a triangle may be obtuse, 

M^ — Such a triangle is called an obtiise-angled trian^ 
gle. — Can the three angles of a triangle be (xctUe 
angles ? 

P, — The three angles of a triangle may be acute. 

M, — What may be concluded from what you have 
discovered concerning the sum of the angles of every 
triangle ? 

P. — The sum of the angles of every triangle cannot 
be three right angles ; neither can it be three obtuse. 
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that is, more than three right angles: it must there- 
fore, be less than three right angles. . 

M, — Let a 5 c be a triangle : find the 
sum of the angles ah Cy a ch, and bac» 

I 

It is advisable, here and in sim ilar cases, to leave 
the pupils, unassisted, to the operation of their own 
faculties ; and, should their e£Ports not prove success- 
ful, the time, thus occupied, must not be considered 
mis-spent, — inasmuch as such efforts will tend, per- 
haps more than anything else, to impart to them that 
habit of independent and patient thought and research, 
which constitutes a fundamental element of the mathe- 
matical character, as well as of every well-trained 
mind. All answers to such questions as the last should 
be submitted to the criticism of 'the class : — and the 
master nnay, ultimately, Assist their endeavours, or 
correct and arrange their results — ^after the following 
example : — 

M, — ^In the triangle ahcy 
draw from the point c a line, 
c dy parallel to one of the 
sides of the triangle. Which J^^ 
side must that be ? 

P. — Parallel to the side a b. 
' M. — ^What have we, thus, obtained ? 

P, — The angle a c d. 

M, — And, to what angle is ac d equal ? 

P; ^acd ^z ^ i a c, for, they are alternate angles,' 
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formed by the parallel lines a by c d^ meeting the 
straight line a c. 

M. — The three angles of the triangle are, therefore, 
together, as much as-*^what other angles ? 

P, — The angles of the triangle, 

ahc'\'acb'\-bac'^ /^ abc-^acb-\-acd. 

M. — And to what are the Z,^ ab c -^ acb •\- ac d 
equal ? 

P. — Zs, abc-\-acb-\-acd-=i^tl. ^s; 
because they are equal to 

^s, ab c + d cbf which are equal to 2 rt. ^s, — ^for, 
they are the two interior angles formed by the parallel 
lines a b and d c meeting the line b c. 

M4 — What must thence be concluded ? 

P. — That the angles, abc ■\- acb -r b acy of the 
triangle abc are, also, equal to two right angles. 

M. — State, now, in writing, what we have just 
said. 

P. — From the point c of the 
triangle abc draw the line c d paral- 
lel to ab; 7 

then, because a b and c d are parallel, 

the z b a c =, Z altem. ac d. 

To each of these angles add z.^y acb + abc; 

then, ^s, bac-^acb-\-abczi ^s, a c d + acb 

-^ ab c. 

But, >^s, ac d + a c b + a b c zz 2tU ^s. 

Therefore, Z.^y b a c '\- a cb -^ a b Cy likewise, = 2 

rt.^s. 
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iHf. — What axioms did you use in this demonstra- 
tion? 

P. — ^If equals be added to equals, the sums are equal ; 
and, things which are equal to the same thing are 
equal to each other. 

M. — What has been done, in order to demonstrate 
this truth — " the sum of the angles of a triangle is 
equal to two right angles ?" 

P» — A line has been drawn, from the point c, paral- 
lel to one of the sides of the triangle. 

M. — Such a line is called an auxiliart/ line ; for, it 
is by the help of this line that we have been enabled 
to demonstrate this truth. Is it necessary to draw an 
auxiliary line from the point c exclusive^ f 

i>.— No : a line may be drawn from the point a, 
parallel to the side b c, or from the point b, parallel to 
the side a c. 

M. — ^In general, then, an auxiliary line may be drawn 
from either of the points a, 6, cr, parallel to what 
side? 

P, — That side which is opposite to the angle from 
thje vertex of which the parallel line is drawn. 

M. — Produce the auxiliary line c d from the point c ; 
what do you obtain ? 



P, — The angle bee. 
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M. — Endeavour to demonstrate the same truth by 
means of the two angles ac dyh c e, 

-P. z^acd-=z alternate z^hacy 

and ^h c €-=:• alternate ^ahc; 

therefore, ^s, acd '\-hc 6-=^ ^s, & a e + a & c. 
To each of these equals add z^lica ; 
then, ^s,a c rf -f 6ce -f 6ca= ^s, 5ac + a5c -f 
h c a: 

But ^s, «crf + 6ce-f5ca=:2rt.^8; 
therefore, Z.^ybac-\-abc-\-bcay likewise, = 2 rL^s. 

M, — Find whether or not the sum of the angles of 
^vety triangle is equal to two right angles. What, then, 
must each of the angles of an equi-angular triangle be ? 

P. — ^The third part of two right angles ; that is, two 
thirds of one right angle. 

M. — ^If one of the angles of a triangle be a right 
angle, what will be the sum of the other two angles ? 

P, — The sum of the other two angles must be equal 
to what remains after the subtraction of one right angle 
from two right angles, — that is, to one right angle. 

M. — Hence, what are the angles of a right-angled 
triangle ? 

P. — One angle is a right angle, and each of the other 
two angles is acute. 

M, — If one of the angles of a triangle is obtuse, 
what is the sum of the other two angles, and wha^ is 
each of them ? 

P. — The sum of the other two angles must be 
less than one right angle ; and, therefore, each of them 
must be acute. 
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iHf. — If one of the angles of a triangle be acute, 
what must be the sum of the other two angles, and 
what may each of them be ? 

P, — Their sum must be greater than one right an- 
gle : one of them may, therefore, be a right, the other 
an acute angle ; or, one of them may be obtuse, and 
the other acute ; or, each of them may be acute. 

M, — If it be known that the sum of two angles of a 
certain triangle is equal to one right angle, what may 
be concluded with respect to the triangle ? 

P, — As the remaining must be a right angle, the tri- 
angle must be a right-angled triangle. 

M. — If it be known that the sum of two angles of 
a certain triangle is less than one right angle, what 
may be concluded yfith respect to the triangle ? 

P. — The remaining angle being obtuse, the triangle 
must be obtuse-angled. 

M, — And, if it be known that the sum of two angles 
of a certain triangle is greater than one right angle, 
what may be concluded ? 

P. — The remaining angle must be acute ; but, the 
triangle may be right-angled, obtuse-angled, or acute- 
angled. 

M, — ^What may we obtain by producing one of the 
sides of a triangle ? 




P, — An angle such as acd. 

M, — How is this angle situated with respect to the 
triangle ? 
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P. — It is withotU the triangle. 

M, — On that account it is called an exterior angle. 
By what name would you designate the angle a chf 

P, — I would say that the angle a c b is adfacent 
to the exterior angle ac d. 

M. — The other two angles h ac and ahc are called 
the interior and opposite angles with respect to the ex- 
terior angle a c d. Now compare the exterior angle 
a c d with each of the interior angles of the triangle 
ah Cy and state the various results of the comparison. 

P.— 1. The exterior angle a c d may /^ 

be eqtuil to its adjacent angle acb ; in 
this case each of them is a right angle, i 
and the triangle abc is, therefore, a right angled- 
triangle. 

2. The exterior angle a c d may be 
greater than its adjacent angle acb: 
the exterior ^acd is, then, obtuse, "' 
the adjacent ^acb being, therefore, acute ; and the 
triangle may be a right-angled, obtuse-angled, or acute- 
angled triangle, — ^because either of the interior opposite 
angles a b c, b a c may be right, obtuse, or acute 
(page 64). 

8. The exterior angle acd may be .(^ 

kss than its adjacent angle acb, yy 

The exterior ^acdisy then, acute, I y^ A i 
the adjacent ^a cb obtuse, and 
the triangle abc, therefore, obtuse-angled. 

4. The exterior angle acd is ' yv a 
always greater than the interior / \ 
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and opposite angle ah c : for, — 

because ^s, acrf-i-ac6 = 2 rt. ^s, 

and ^s, ah c -\' achBxe less than 2 rt, ^is ; 

therefore, \^s, a c d -\- a c h are greater than ^s, 

from each of these unequals if you take away^ ach, 
there remains the exterior Z^ a c dy greater than the 
interior and opposite angle ah c, 

5. The exterior angle acdi^, /^ 

likewise, greater than the other / \ 

interior and opposite angle hac: h/ \c Jl 

for, because ^s, ac d •\- a c b=: ti rt, ^s, 
and 2ls, hac -\- ach are less than 2 rt. ^is ; 
therefore, Z-SjO c d -\- a c h are greater than ^s, 

from each of these unequals if you take away^ a c d, 
the exterior /^ac d remains greaJtet than the interior 
and opposite ^h a c, 

M, — Use the sign < for the words ** is or are less 
than," 

and the sign > for the words "is or are greater 
than f 

also, the sign /. for the word " therefore," 
and the sign •.' for the word " because." 
Express Nos. 4 and 5 in words. 

P, — If one side of a triangle he produced, the exterior 
angle is greater than either of the interior and opposite 
angles. 

M, — Write the demonstration of this truth on your 
slate, and introduce the signs just recommended. 
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and 2IS, abc + acb<^2TU ^s ; 

•'• Z.s> acrfH-aci]> ^s, a i c + a c 5. 

From each of these unequals take away /_ a c b — 

Then, the remaining exU ^ac d^ the int. opp. ^ 

ab c. 

In the same way, it may be shown that the ext. 
^a c d i& greater than the int. opp. ^b ac. 

M. — Compare the exterior angle of a triangle with 
the sum of the two interior opposite angles. 

P, — The exterior angle a c d is equal to the sum of 
the twp interior opposite angles a b c -^ b a c* 
for, 

V ^s, a c d -^ a cbs= 2 rt, ^s, 
and, also, ^s, acb']-abc+bac^2 rt ^s ; 
/. Z,s> acd + acb=: ^s, acb+abc-^bac. 
Take away /_a cb from each of these equals— 
/. the remaining ext. ^ac d":! remaining int. opp. 
^s, ab c '\' b a c, 

M, — Produce two of the sides of a triangle. What 
is the sum of the two exterior angles ? 

P. 2I s,ace? + ac An 2 rt^s, /\(i 

and ^s, ebc'\-abc=.2 rt, ^s; 




/. Z.^y acd -^ ac b + e b c + ab c "^ 
= 4 rt. ^s ; g 

and, .-. ^s, ac d + acb + ebc + a b c + b a c y^ 
4 rt. ^s. 

From these unequals take ^s, acb-^abc-^bac^ 

which = 2 rt. ^s; 

Then, the remaining ext. Zs>«crfH-«5c^2rt.Zs. 
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Hence, two exterior angles of a triangle are together 
greater than two right angles. 

M, — Produce each of the sides of a triangle. What 
is the sum of the three exterior angles ? 

P, — Each exterior angle to- 
gether with its adjacent angle 
zi two rt ^s; /. the three 
ext. ^8 together with the 
angles of the triangle =s six 
rt ^s. 

But the ^s of the triangle = 2 rt. ^s ; 
/. the three exterior ^s =: 6 rt. ^s — 2 rt. ^s = 
4rt. ^s. 

Hence, if each of the sides of a triangle be produced, 
the sum of the three exterior angles = four rt. /.s. 

M, — Produce each of the sides of a triangle both 
ways. What is the sum of the twelve angles ; and, 
what is the sum of the nine exterior angles ? 

P. — The sum of the twelve angles =12 
rt. ^s ; and /. the sum of the 9 ext. ^s 
= 10 rt. ^s. 

SUBSTANCE OF SECTION III. 

1. Any two angles of a triangle are together less 
than two right angles. 

2. The interior angles of every triangle are together 
equal to two right angles. 

3. A right-angled triangle is that which has a right 
angle. 

4. An obtuse-angled triangle is that which has an 
obtuse angle. 
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5. An acute-angled triangle is that which has three 
acute angles. 

6. If one side of a triangle be produced, the ex- 
terior angle is greater than either of the interior and 
opposite angles. 

7. If one side of a triangle be produced, the exterior 
angle is equal to the two interior and opposite angles. 

8. If each of the sides of a triangle be produced, 
the three exterior angles are, together, equal to four 
right angles. 

SECTION IV. 
TWO TRIANGLES — THEIR EQUALITY. 

M, — What may be said, on comparing the angles 
of two triangles ? 

P. — 1 . The angles of one triangle are, together, 
equal to the angles of any other triangle; because, 
their sum, in each, is equal to two right angles. 

2. One angle of the one may be equal to an angle 
of the other. 

3. Two angles in the one may be equal to two an- 
gles in the other, each to each. * 

4. The three angles of the one may be eqiuil to 
the three angles of the other, each to each. 

5. The three angles of the one may be t^raequal to 
the three angles of the otlier, each to each. 

I 

M, — If an angle of one triangle be equal to an angle 
of another triangle, what may be said of the other 
two angles, in each ? 

P. — The sum of the other two angles of the one 
triangle must be equal to the sum of the remaining 
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two angles of the other ; because, the sum of the three 
angles of the one is equal to the sum of the three 
angles of the other, and if the equal angles be sub- 
tracted from these equals, the remaining angles must 
be equal. 

M, — ^If two triangles have two angles of the one 
equal to two angles of the other, each to each, what 
may be said of the remaining third angles ? 

P. — They must be equal, — ^for the reason alleged 
in the former case. 

M, — ^What may be said, then, of the angles of these 
triangles ? 

P. — The angles of the one are equal to the angles 
of the other, each to each. 

M. — Draw two triangles having one angle of the 
one equal to one angle of the other. 

P. — ^Let the angle b ac 
be equal to the angle e df* 




M. — ^If the angle bac 
be equal to the angle 
e dfy what happens, if ^ 
the triangle e d f he 
placed upon the triangle 
abci so, that the point d may be upon the point a, 
and the angle e d/npon the angle b a cf 

P. — ^The side e d must fall upon the side a b, and 
the side df upon the side a c. 

M. — And, where may the points^ and/ fall? 

£2 
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P, — Either somewhere on the 
sides a h and a c, — when de and df 
are, each, less than a b and ac ; e 



a 




Or, a 

one of them may fall upon a b and the 
other beyond the point c,— when d eh 
less than a b, and dfv& greater than a c;f) 




Or, 

both may fall beyond the side 
b c, without the triangle a b c, 
— when d c and df are both 
greater than a b and a c. 




M. — And, when will the points e and/ fall exactly 
upon the points b and c 9 

P. — When d e^i a bf and df^z a c, 

M. — And where, then, will the side e/fall ? 

P» — c/must fall upon b c, and ef must, also, be 
equal to be; because, since the point e falls upon by 
and the point /upon c, the whole line c/must fall 
upon the whole line b c, and be equal to it, — ^for, ef 
and be are straight, not curved, lines. 

M. — And, what may be said of the remaining two 
angles of each triangle ? 
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P. — The angle d e f must be equal to the angle 
abcy and the angle dfe must be equal to the angle 
acb. 

M. — And what may, then, be said of the triangles 
themselve's ? 

P. — The triangle d e f must be equal to the tri- 
angle ah c. 

M. — ^Then, when are two triangles equal to each 
other? 

This question the author has been accustomed to 
propose to his class previously to the preceding in- 
vestigation, which is strictly in accordance with the 
demonstration of Euclid. (B. I. Prop. 4). The an- 
swers of his pupils were, however, generally of such 
a nature as to render the demonstration too loose 
and unmathematical ; and he has, accordingly, found 
it necessary to lead their thoughts into a chain of 
reasoning similar to the preceding. 

P. — Two triangles are e^ual, when two sides of the 
one, with the included angle, are equal to two 
sides of the other, each to each, with the included 
angle. 

M. — Instead of, "the included angle," or "the 
angle between them," say, " the angle containe 1 by 
them." What may be said of the third sides of two 
such triangles? 

P* — Their third sides are equal. 

M. — And, of the remaining angles in each ? 

P» — The remaining angles of the one are equal to 
the remaining angles of the other, each to each. 
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M.— Then, i£ a b=z 
dfy and ac^zde^ and 
Lh ac = ^ e d f^l, 
state what you know ' "^ ^"~^f 

of the triangles ab c and d ef. 

P. — The side b czi. side ef% 
^abczz Z. df^y 
and /^acbzz /^d ef. 

M, — Could the angle a b c be equal to the angle 
def? 

P.— r-No : because if the triangle d efbe applied to 
the triangle a b c so that the point a may be on the 
point d, and the side a b upon the side, equal to it, df^ 
the side a c will fall upon d e, — 
because /^bacn /^e df; 
the point /will fall upon the point by — 
because a ft = df ; 

the point c will fall upon the point e, — 
because a c :=: d e; , 

and, hence, the third side b c must, fall upon efy and be, 
therefore, equal to ef, 

Also the triangle a b c must fall upon the triangle 
d ef, and be, therefore, equal to it ; and the /^ abc 
upon the ^ dfe^ and /^acb upon ^ d ef» 
Hence, these angles must be equal: and the angle 
ab c cannot be equal to the angle def unless A def 
be likewise equal to ^ dfe, 

M, — What may be said of the sides which are op- 
posite to the equal angles, in each triangle ? 

P. — The sides opposite to the equal angles are equal. 
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M, — And what, of the angles to which the equal 
sides, in each triangle, are opposite ? 

P. — The angles to which the equal sides are oppo- 
site are equal. 

M, — Now, state connectedly the different truths we 
have established respecting two such triangles. 

P, — If two triangles have two sides of the one equal 
to two sides of the other, each to each; and have like- 
wise the angles contained by those sides equal to each 
other-7-^Aeir . third sides are equal — the triangles are 
equal — and their other angles are equals eojch to eojchy 
namely, those to which the equal sides are opposite. 

M. — ^Demonstrate this truth on your Slates. 

The pupils must give a demonstration in all respects 
similar to the preceding ; and great attention should 
be paid to neatness of performance, correctness of 
statement, and methodical arrangement of the several 
parts. 



M.— 




d 




But, if in the triangles a be and d ef, 

abzzde^acrz df^ 
and ^ e df is greater than Z^h ac^ 
what will necessarily be concluded with respect to 
their third sides or hases^ e/and hc9 
P* — The base e/must be greater than the base be. 
M. — State this deduction at full length. 
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P. — ^If two triangles have two sides of the one 
equal to two sides of the other, each to each — ^but, 
the angle contained by the two sides of the one 
greater than the angle contained by the two sides, 
equal to them, of the other — the base of that triangle 
which has the greater angle, is greater than the base 
of the other. 

N.B. This theorem may be demonstrated, by making 




e^ 




jibagzz. Z^e dfyBudi a g =z dfor a c; 
and by joining c ^ and ^ ^—(Euclid, B. I. Prop. 24) . 
though it may, perhaps, be desirable to defer the 
demonstration until the rehearsal of this section. 

M. — State what you know of an isosceles triangle. 
(Introduct. Lesson IV.) 

P. — An isosceles triangle is that of which two sides 
are equal : the third, the unequal, side is called the 
base ; the angles adjacent to the base are called the 
angles ai the base. 

M. — Compare the angles at the base of an isosceles 
triangle. 

P. — ^In the tri- 
angle ab c, 

let a 6 = a c ; ^"^ t" 

draw the straight line a c?, bisecting Z.ba c: 
then, '.* ab'=.a c, and ad is common to the two tri- 
angles, a db and a d c, 
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and the- /_h a dzz. /^c ad: 

/, the third side h dz=. third side c d^ 

the triangle adh ^ triangle c ad^ 

and the remaining angles of the one are equal to the 

remaining angles of the other, each to each, namely, 

those to which the equal sides are opposite ; 

and /, Z^adh-zn /^adc^ 

and ^ab d'zz /ia c d — the angles aJt the base. 

Then, in an isosceles triangle, the angles at the base 

are equal to each otfier, 

(Should the pupils be unable to discover the manner 
of drawing the auxiliary line a dy the master may 
thus far assist them, then leaving them to find^out 
the demonstration, by themselves. The demonstra- 
tion of Euclid (B. I. Prop. 5.) is, at this stage, too 
prolix, and may be dispensed-with till they are pro- 
perly prepared to enter on the study of his Elements. 

M, — From th^ manner in which a d has been 
drawn, what other properties can you discover in an 
isosceles triangle ? 

P. — ^When the angle opposite to the base of an 
isosceles triangle is bisected, 

1. The base is, likewise, bisected ; 

2. The bisecting line is at right angles to the base. 
M, — The angle opposite to the base of an isosceles 

triangle is usually called the angle at the vertex. In 
an isosceles triangle, if the base be bisected, and, 
from the point of bisection, a straight line be drawn 
to the angle at the vertex, how will such a line affect 
this angle ? 

£ 5 
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P, — The angle a b c dX 
the vertex is bisected by 
b d ; 
for •/ a ^ =r ^ c, and ^ 

a dzzc d (a c being bisected), 
and ^^ac= j^b c d; 

/, the triangles a b d and c b d are equal in every 
respect. 

Hence /^ab d^iz /^cb d ; 
•'• Z « ^ c, at the vertex, is bisected. 

M, — How are the eqiuil angles of an isosceles tri- 
angle situated with regard to the sides f 

P. — ^The two equal angles are opposite to the two 
equal sides. 

iHT. — ^Hence, if two angles of a triangle be equal to 
each other, what must follow ? 

[In an introductory course of study, it is advisable 
to omit demonstrations of Xh^ converse truths; and, 
accordingly, few will be found in this treatise. In- 
deed, the indirect method of demonstration (reductio 
ad absurdum), — as, among other reasons, involving 
the assumption of an t^ntruth, and being the least 
satisfactory, — is unsuitable to beginners or young 
learners ; and it should, therefore, be avoided, as much 
as possible, in initiatory instruction.] 

P. — The sides which are opposite to these two 
equal angles are equal to each other-— that the triangle 
is isosceles, 

M, — Hence, if the three sides of a triangle are 
equal, — that is, if a triangle is equilateral, — what 
may be said of the angles ? 
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P. — The angles of an equilateral triangle are 
equal : an equilateral triangle is equi-angular, 
M. — Demonstrate this. 

m 

P, — ^Let a 6 c be an equilateral a 

triangle ; 

then •/ a 5 = a c, 
Z.a b cma c b ; 

and V ab =z b c, ^^ — -^^ 

^baczzacb: 
."• jL ab crz zJb a c =i /^a cb ; 
and .*. the triangle a 6 c is equiangular, 

M, — And, if a triangle be equiangular, what may 
be said of its sides ? 

P. — If a triangle is equiangular, it is also equilateral. 

M. — Since a triangle of which the sides are equal 
has likewise its angles equal, what may be inferred if 
the sides be t^/2equal ? 

P, — That the angles are, likewise, unequal. 

M. — And, what angle must, then, be greater than 
either of the others ? 

P. — ^That to which the greater side is opposite. 

M, — Demonstrate this, by means of those truths 
with which you are already acquainted. 

P. — In the triangle abcyXeibc ^ 
be greater than a c; the angle 
bacy opposite b c, shall be greater 
than the angle a be, opposite a c: o 
\* a c is less than b c. 
Produce 6 c at a, and make c dzz b c, 
and join d b; 
then \' b c zz d c, 
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.*. Z^cdb^Z^abc, 

But Ab ac^ int. opp. /^cdb ; 

much more /. /^b a c'^ Z^ab c. 

Hence, in every triangle the greater angle is opposite 
to the greater side. 

M. — ^If, then, it be known that one angle of a tri- 
angle is greater than another angle, what must be 
concluded with respect to the sides subtending [op- 
posite to] these angles ? 

P. — The side subtending the greater angle must be 
greater than the side subtending the less* 

M. — Which, then, of the sides of a right-angled 
triangle is the greatest ? 

P. — The side subtending the right angle. 

M. — And in an obtuse-angled triangle, which is the 
greatest side ? 

P, — The side subtending the obtuse angle. 

M, — ^In an equilateral triangle, compare the sum of 
any two sides with the remaining side. 

P, — Any two sides of an equilateral triangle must 
together be greater than the remaining [third] side, 
because all the sides are equaL 

M. — But, in any triangle, are two sides together 
greater or less than the remaining third side ? 

P. — The sides, b a + a c must be 
greater than b c, because b c i& the 

shortest distance between the points " -^^— -^ ^ 

b and c. 

For same reason, ab -{• bc^ac, and 
ac ■\- bc^ ab. 
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M. — This truth may be demonstrated by converting 
two sides into one : endeavour to do so. 

P. — Produce the side a ^ at the 
point a, and make a dy the part produced, 
equal to a c, and join dc : 
then V adzzac, b. 

Z^adc^s:, /^acd ; 
•*• Z ^ ^^> Z. cbdc. 

And '.* to the greater angle the greater side is opposite; 
/. ^<f > dcy 
but bdzuba + ac: 
.•, ba + ac^ be. 

Hence, ani/ two sides of a triangle are together greater 
than the remaining side* ^ 

M, — In the triangle ab c^ let 
the side 6 c be greater than ab.; 
how would you discover the ex- © 
cess of ^ c over a b — i. e. by how much 6 c is greater 
than ab? 

P. — By cutting off from the greater, be, a. part equal 
to ab; the remaining part must be the difference, in 
length, between b e and a b, 

M. — Compare this difference between two unequal 
sides of a triangle with the remaining [third] side. 

P. — Let ^ c be greater than ab ; ^ 

from b e cut off bd= a b : ? ^^.^ j 

de is the difference between 6 c and a b. 

Then, because any two sides of a triangle are to- 
gether greater than the third side, 
ba + ae^ be; 
but ba^^bd ; 
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From these unequals take-away h c?, which is common 

to both — 

there remains ac^dc. 

Hence, the difference between any two sides of a triangle 

is less than the third side. 

M, — The same truth can be demonstrated by means 
of the angles : try this method. 

P, — Let dc he the difference 
between h c and ah; join ad: 
then \' ba=:bd, 

Z,bad= z, bda; 
but the ext. /^adc^ int. opp. Z.bad ; 
.*, Z^adc'^ /^bda. 
Also, the ext. Z^bda^ int. opp. ^ rf a c / 
much more .'. /, a <f c? > ^ c?a c / 
but to the greater angle the greater side is opposite — 
.*. ac^dc — 

that is, the difference, dcy between 6 c and a b, is less 
than the third side, ac, 

M, — Compare the three sides of a triangle with the 
double of any one side. 

P, — The three sides of any triangle are together 
greater than double the length of any one side ; 
for, ab -\- ac being > i c, ^a 

add 6 c to each of these unequals; 
then ab ■\- ac -\- bc^bc -i- be, 0^^ \o 




SUBSTANCE OF SECTION IV. 

1. If two triangles have one angle of the one equal 
.to one angle of the other, the sum of the remaining 
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two angles of the one is equal to the sum of the re- 
maining two angles of the other. 

2. If two triangles have two angles of the one equal 
to two angles of the other, each to each, the third 
angle of the one is equal to the third angle of the 
other ; that is, the triangles are equiangular. 

3. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have like- 
wise the angles contained by these sides equal, their 
third sides are equal, the triangles are equal, and the 
remaining angles of the one are equal to the remaining 
angles of the other, each to each, namely, those to 
which the equal sides are opposite. 

4. If two triangles have two sides of the one equal 
to two sides of the other, each to each, but the angle 
contained by the two sides of the one greater than the 
angle contained by the two sides, equal to them, of the 
other, the base of that triangle which has the ^eater 
angle is greater than the base of the other. 

5. The angles at the base of an isosceles triangle are 
equal. 

6. In an isosceles triangle, the straight line which 
bisects the vertical angle bisects the base. 

7. In an isosceles triangle, the straight line which 
bisects the vertical angle stands at right angles to [is 
perpendicular to,] the base. 

8. In an isosceles triangle^ if the base be bisected, 
the straight line joining the vertical angle and the 
point of bisection bisects the vertical angle and stands 
at right angles [is perpefndicular to,] to the base. 
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9. If a triangle be equilateral, it is likewise equi- 
angular. 

10. If two angles of a triangle be equal to one an- 
other, the sides opposite to them are likewise equal ; 
that is, the triangle is isosceles. 

11. If a triangle be equiangular, it is likewise equi- 
lateral. 

12. In every triangle the greater side is opposite to 
the greater angle. 

13. In every triangle the greater angle is subtended 
by the greater side. 

14. Any two sides of a triangle are togethe^r greater 
than the third side. 

15. The difference between any two sides of a 
triangle is less than the third side. 

16. The three sides of every triangle are together 
greater than double the length of any one side. 

SECTION IV. 

EQUALITY OF TRIANGLES. 

M. — :Describe a triangle ; in it take any point, ar^d, 
from the extremities of any one side of the triangle, 
draw lines to that point: what is the result ? 

a 

P, — Two triangles, ab c 
and hdc, 

M. — ^What have these two triangles in common ? 
P, — The base b c. 
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M, — Compare the sum of the sides h d and d c with 
the sum of the sides h a and a c, 

Obs. — A3 it is important that the pupils should 
find-out a- method of demonstration for themselves, 
the master ought, in this and every similar instance, 
to withhold assistance as long as he perceives the ma- 
jority of the class actively engaged in the investiga- 
tion of the question. If, ultimately, the pupils should 
not succeed in discovering a demonstration, he may 
direct their attention to the main points in the ques- 
tion : thus, with respect to the preceding — 
• M, — What "are you required to do ? 

P. — To compare b d^+ d c withba + a c. 

M, — ^Wfiat does that mean ? 

P. — To try whether b d -\- d c is equal to, or 
greater, or less than ba + a c. 

M, — ^When the sides of triangles are to be compared 
with each other, which of the preceding truths will 
guide you ? 

P. — " The greater side subtends the greater angle ;" 
or, << any two ■sides of a triangle are together greater 
than the third." 

M. — If you adopt the former of these truths, how 
must you draw a line so as to find a relation between 
b a and bdf 

P, — We must join the points a and d. 

M. — ^Do this, and see if it will assist you. 

The pupils will find that it cannot assist them, be- 
cause the point d is not determined. 

M. — ^And, if you wish to use the other truth, you 
have mentioned, what must be done ? 
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Here, the master should leave the pupils to their 
own resources: they will, doubtless, find that either 
b d or c d must be produced, — ^if the preceding les- 
sons have been thoroughly understood. 

When any of the pupils have succeeded, let the 
master describe a triangle on the large school-slate, 
and the successful pupil submit his demonstration to 
the class, the master writing it down as the pupil 
proceeds* Thus : 

a 




(Pupil dictcUing, and the master writing.) 
Produce bd to e ; 
then, ba -{■ ae being > ^ «, 

add ec to each of these imequals — 
,\ba-{-ac^be-\-ec. 
Also, de + ec being ^dc, 

add bd to each of these unequals — 
,\be-\-ec^bd-\- dc. 
But, it has been shown that 

ba -^^ an^be •\- ec; 
much more /. is ^ a + a c > ^ rf + e c. 
Hence, if a point be taken in a triangle, the straight 
lines drawn to it from the extremities of any one side 
are, together, less than the other two sides of the 
triangle. 

The master may, now, let the rest of the class read 
[not aloud] what is written on the slate ; and, there- 
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afier^ the demonstration being rubbed-out, let each 
pupil, in turn, be called-upon to give an oral demon- 
stration of the problem. 

If the class consists of many pupils, the recapitula- 
tion of the solution by each pupil is apt to occasion 
inattention, on the part of those who fully know it. 
It is, then, advisable to let each pupil take a share of 
the demdnstration-^not in regular rotation, but at the 
call of the master, in order, the more effectually, to 
sustain universal attention. 

This exercise having been gone- through^ let the 
pupils be called-upon to re-produce the whole in 
writing, on their own slates — the master carefully 
revising what they have written. 

Should there be, after all, some, weaker, pupils in- 
capable of doing so, the master may assist them by 
writing, on the school-slate, the main points of the 
problem, thus : 

a 




Show that 
\. ba-\-ac^he-\-ec* 

2. be-{-ec^bd-{-dc. 

3. Draw the necessary inference. 

The preceding process has been found service- 
able even to those who fully understand the demon- 
stration ; as, they are thereby led to resolve the prob- 
lem into its component parts. 
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Moreover, it is not an unnecessary practice to in- 
vert diagrams in all possible ways, — and, in this in- 
stance, to produce, now b e, and, at other times, d c. 






M' (eaniinuesy — ^Where must the points be taken 
so that bd •{■ dc shall be less than any other two lines 
drawn to another point in the triangle ? 

P. The point d must be taken very near the side 

b c, — ^it must be taken in the side be; thus : 




M. — And where must the point d be taken so that 
bd •{■ dc may be greater than any other two lines 
drawn to another point in the triangle ? 

P. — The point d must be taken very near the ver- 
tex, a, of the triangle, thus: 




M. — And, what is to be observed, if the point d is 
taken in the vertex a 9 

P, — The lines bd and cd, then, coincide with the 
sides, b a and c a, of the triangle. 

M. — And, what may, then, be said of the two tri- 
angles abc and bdc? 
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P. — That the sides of the triangle bdc coincide with 
the sides of the triangle abcy each with each ; and 
consequently, that the triangles are equal to each 
other. 

M. — You are already acquainted with one in- 
stance of the equality of triangles ; what is it ? 

P, — Two triangles are equal when they have two 
sides of the one equal to two sides of the other, each 
to each, and have likewise the angles contained by 
those sides equal. 

M. — Now, I think, from what you have before re- 
marked respecting the triangles ahc and hdcy you 
will be able to find out another instance of the equality 
of triangles. What is it ? 

P. — Two triangles are equal when the three sides 
of the one are equal to the three sides of the other, 
each to each. 

M. — Right; and what angles are equal in two 
such triangles ? 

P. — Those angles which are opposite to the equal 
sides. 

M. — ^Illustrate what you have said, by drawing two 
triangles having these requisites. 

P.— 

V 

In the triangles ahc and defy 
ifab = de,aczzdf, and bc = ef; 
then, /_ach'=. /_ dfe^ A a^ c =z ^ d ef, and 
/^bac =^ /_e dfy — = 
and A abezz £^ def. 
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iHf. — If, then, in the triangles ahc and d ef, 
ahzzde and aczz. df, 
but the base ef is greater than the base be; 
what must be concluded with respect to the angle e df, 
which is opposite to the greater base ? 

P. — The angle e df must be greater than the angle 
oac, 

M. — State this proposition fully, in words. 

P. — If two triangles have two sides of the one equal 
to two sides of the other, each to each, but the base of 
the one greater than the base of the other, the angle 
contained by the sides of that triangle which has the 
greater base is greater than the angle contained by 
the sides, equal to them, of the other, 

M. — There is, yet, something to be remarked with 
regard to the angle which the lines hd^cd contain — 
{describing the figure on the slate), 

a 




Compare the angle hdc with the angle ft a c. 

P. — The angle hdc \& greater than the angle 
bac; 

for V exterior ^ftecofAft«c> int. opp. ^ ftac, 
and the exterior /^bdcoi t^dec > int opp.Z^^c; 
much more .\h /^bdc^ /^bac. 
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The pupils repeat the demonstration and, then, write 
it on their own slates ; the master, as before, writes 
upon the school-slate the following : 

Show that 

1. /_bee^ Z^bac. 

2. /^bdc^/^hec, 

3. Thence draw the necessary consequence. 

M, — Hence, the angle formed by two lines drawn 
from the extremity of any side of a triangle to a point 
within it is greater than 

P. — The angle contained by the other two sides of 
the triangle. 

M. — Compare the angles dbc and deb with the 
angles abc and acb, 

P. — The angles dbc and deb are, evidently, less 
than the angles abe and a e by — ^because they are only 
parts of the latter angles. 

M. — Where must the point d be taken, so that the 
angles dbe and deb may become equal to the angles 
abe and aebf 

P. — ^The point d must be taken in coincidence with 
the point a. 

M. — And what may, then, be said of the triangles 
abe and dbe? 

•P. — They are equal to each other. 

M. — After supposing, then, the angles dbe and deb 
equal to the angles abc and acb^ each to each, there 
are two other parts in the triangles abc and d b c^ 
which are equal to each other, or which these triangles 
have in common, if we consider them separated from 
each other. What are they ? 
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P.— The side h c. 

M, —And how is this side situated with respect to 
the angles ? 

P. — ^It is adjacent to them. 

M. — ^Describe two triangles having the following re- 
quisites : two angles, and the side adjacent to them, of 
the one, equal to two angles, and the side adjacent 
to them, of the other. 




Let /_ bac "=. /_ defi 
Z « c 6 = Z df^y 

and ac^. ef. • 

M, — ^If one of these triangles, we suppose to be ap- 
plied to the other triangle, so that the point e may be 
upon the point a, and the side ef upon the side a c, 
what must happen ? 

P. — The point/ must fall upon the point c, 
because ef=.ac; 
and d/must coincide with bc^ 
because Z dfe = /_acb ; 
and e d must coincide with a b, 
because /_def'=L /_bac; 

and, therefore, the point df must fall upon the point 5, — 
and the triangle d ef must coincide with the triangle 
abcy and be equal to it. 

M. — Here, then, is a third instance of equality in 
triangles : what is it ? 

P.— Two triangles are equal, when they have two 
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« 

angles of the one equal to two angles of the other^ 
each to each^ and have likewise the sides adjacent to 
the equal angles equal to each other. 

M. — Repeat, now, all you have learnt from the in- 
vestigation of the triangles ahc and hdc. 




The pupils repeating, the master writes their state- 
ments on the slate. Thus : — 

1. 6 df + df c is less than ha + a c. 

2. b d and dc are least, when the point d is taken in 
the side c, 

^, bd and d c are equal to 6 a and a c, when the point 
d is taken in the vertex a. . 

4. Hence, two triangles are equal when three sides 
of the one are equal to three sides of the other, each 
to each. 

5. Again : if two triangles have two sides of the 
one equal to two sides of the other, each to each, but 
the base of the one greater than the base of the 
other, the angle contained by the sides of that which 
has the greater base is greater than the angle contain- 
ed by the sides, equal to them, of the other. 

6. The angle bdch greater than the angle hac» 

7. The angles dbc and dch are less than the angles 
abc and acb. 

8. When the angles dbc and deb are equal to the 

F 
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angles a be and acby each to each, the point d coin- 
cides with the vertex a, "^ 

9. Hence, two triangles are equal when they have 
two angles of the one equal to two angles of the other, 
each to each, and have likewise the sides adjacent to 
the equal angles equal to each other. 

ilf. — And, if the angles bdc anddbc be equal to the 
angles bac and a be, each to each, what must follow ? 

P. — The angle deb musthe equal to the angle acb; 
and the triangle bdc must coincide with the triangle 
a be, and be equal to it. 

M. — Hence, if two triangles have two angles of the 
one equal to two angles of the other, each to each, 
and have likewise one side equal to one side, how 
must these sides be situated in order that the triangles 
may be equal? 

P. — They must either be adjacent to the equal 
angles, or they must be opposite to the equal angles. 

M. — This, then, is 2l fourth instance of equality in 
triangles : state it. 

P. — Two triangles are equal when they have two 
angles of the one equal to two angles of the other, 
each to each, and have likewise one side equal to one 
side, — namely, those opposite to the equal angles. 

This truth the master, now, writes on the slate, in 
addition to the others already there. The whole is, 
then, committed to memory by the pupils. 

A recapitulation of this paragraph is not given, — 
its restdt having just been written on the school- 
slate. 
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SECTIOK VI. 
QUADRILATERAL FIGURES. 

M. — We have, now, become acquainted with the 
most general truths respecting triangles. Write them 
on your slates, that I may see whether you remem- 
ber them all. 

This having been done satisfactorily, let the pupils 
be called-upon to demonstrate any one of the pro- 
blems : or rather, let each pupil, in turn, assign a 
problem, for solution, to the class. Afler this useful 
exercise, the master may proceed thus : 

M* — What, do you think, should be our next step, 
afler the investigation of trilateral figures ? 

P. — To investigate quadrilatercU figures. 

M, — State all you know of quadrilateral figures. 
(Lesson V. Introduction.) 

Let the pupils repeat what they remember respect- 
ing them. 

iHf. — Into what two groups may all quadrilateral 
figures be classed ? 

P. — Into parallelograms and trapeziums. 

M. — We shall begin with parallelograms, and, first, 
consider the manner in which a parallelogram is con- 
structed. Draw a parallelogram, and give a definition 
of it. 7j 





f2 
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P. — If ab 18 parallel to c c?, 
and ac is parallel to b d, — 
the figure ab dcisB, parallelogram. 

M. — HencOj a parallelogram is 



P. — A four-sided figure whose opposite sides are 
paralleL 

M. — Well, one relation between the sides of paral- 
lelograms being known, you may be able to discover 
another : try. 

P. — The opposite sides must be equal. 

M. — Demonstrate this. n f, 




P.— Let abdcbe & parallelogram, 
its opposite sides shall be equal ; 
namely, a buz cd, and aczn bd. 
Join cb: 

*.* a 6 is parallel to cd, 
.*. ^abc =z alternate /^dcb ; 
and * . * a c is parallel to b d, 
.'. /^acbzz. alternate ^ d be : 
now, c 6 is common to the triangles aeb and d be; 
.*. A aeb iz^ A dbc, 
ab=: ed, and aczibd. 

M> — Why are the triangles a c 6' and bdc equal 
to each other ? 

P. — Because they have two angles, and the side 
adjacent to them, of the one^ equal to two angles, and 
the side adjacent to them, of the other, each to each. 
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M. — And why, then, is a h -==. c d^ and a c = 

P.— Because these are the sides which are opposite 
to the equal angles in the triangles. 

M. — Then, conversely, if a four-sided figure has its 
opposite sides equal, what will you conclude as to the 
figure ? 

P. — That the figure is a parallelogram. 

M. — Demonstrate this. CL j^ 




P, — Let abdc be a four-sided figure whose op- 
posite sides are equal: the figure is a parallelo- 
gram. 
Joined; 

then, '.' ab :=zcd, and aczzbdf 
and cb 18 common to the triangles acb,bdc, 
.'. A acb:z: A bdc, 
and ^ abczz /^dcd. 
But, these are alternate angles ; 
••• ad is parallel to cdy 
also L acb^, Ldbc. 
Again, these are alternate angles ; 
.*. ac is parallel to bd: 
and, hence, the figure abdc is a parallelogram. 

M. — Why are the triangles abc and dbc equal to 
each other ? 

P. — Because they have three sides of the one 
equal to three sides of the other, each to each. 
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ilf.— 'And, why is the angle ahc equal to the angle 
dbcy and the angle ach equal to the angle dbc? 

P, — Because these are opposite to the equal sides 
in the equal triangles. 

M, — Again, if, in the four- 
sided figure abed, you knew 
that a bis equal and parallel to 
the opposite side c d, what would 
you conclude the figure to be ? 

P. — A parallelogram. 

M* — Demonstrate this. 





P. — Let a5 e?c be a four-sided figure of which the 
opposite sides ab,ed are equal and parallel : the 
figure shall be a parallelogram. 
Join cd: 

then '.* a 5 is parallel to c ^, 
.'. /^abczi alternate /^dcby 
and ab::zcd: 

and c b is common to the triangles abc, dc b — 
.*. A abczz Adcb, 
and /^aebzz L dbc. 
Now, these are alternate angles ; 
.*. a c is parallel to db, — 
and . * . the figure abdcxso, parallelogram. 

M. — ^Why is the triangle a6c equal to the triangle 
dcbf 
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P. — Because these triangles have two sides' of the 
one, a h and b c, equal to two sides of the other, c d 
and b c, each to each, and ^ave likewise the angles abc 
and dcbf contained by them, equal to each other. 

M, — ^What else is known of the lines a c and b d, 
besides their parallelism ? 

P. — a c is equal to bd. 

M. — Well, how have a c and b d been drawn ? 

P. — Joining the extremities a, c, and 6, d, of the 
parallel and equal straight lines ab^ cd. 

M, — Hence, the two straight lines which join the 

extremities of two equal and parallel straight lines 

Finish the sentence. 

P. — Are equal and parallel. 

M, — That is not quite correct. Repeat what has 
been said, and see if it be true in every case. 

P.— No: for, in i^- J) 

the annexed figure. 




a ^ is 910^ equal to c 6, 
and yet these two lines have been drawn so as to join 
the extremities of two equal and parallel straight lines. 

M, — Now, alter the preceding statement in con- 
formity with this^nding. 

P. — The two straight lines which join the extre- 
mities of two equal and parallel straight lines in the 
same direction, or toward the same parts, are equal 
and parallel. 

M. — ^What, then, is the general truth respecting 
the sides of parallelograms ? 
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P.— The opposite sides of parallelograms are equal. 

JIf.— Investigate the angles ^ ^ 

of a parallelograni. 




P, — 1. The sum of the interior angles is equal to 
four right angles. 
2. The opposite angles ai:e equal. 
M. — ^Demonstrate these positions. 




P, — Let abdche a parallelogram ; 
the sum of its interior angles shall be equal to four 
right angles. 
Join be: 

then, ••• ^ s of A a ^ c = 2 rt, Z. s, 
and, also, Z. s of a ^c 6 zz 2 rt. ^s ; 
.'. ^s of the Asabc'\'dcb::z4rt. ^s. 
But, ^8 of AS abc -{- deb make up the ^s of the 
parallelogram abdc ; 

.*. the sum of the ^s of a parallelogram = 4 rt, ^s. 
Their opposite angles are, also, equal to each other : 
%* it has been demonstrated that 
A abe:^ Adeby 
and /_ abc z= ^ deb^ 
and /^aebzz /^dbc; 
.•. the whole /^abdzz the whole Z dca; 
also, Z. eabzz ZJ edb : 

.*. the c23posite angles of a parallelogram are equal to 
each other. •. 
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Let the pupils, now, be called-upon to demonstrate 
the last truth without the auaciliary line c b. 

M. — The line c h joining the vertices of the opposite 
angles is called a diagonaL What may be said of it ? 

P. — ^A diagonal divides a parallelogram jnto two 
eqiLcd parts. 



M. — Demonstrate this. a 1^ 




%' a b ::! c dy and acm bd^ 

and £ cab zz L cdb; 

,\ A cab :z: a cdb^ 

and .*• the diagonal c b divides the parallelogram into 

two equal parts. 

M, — How many diagonals may be drawn in a pa- 
rallelogram ? 

P.^Two. 

M. — ^What may be said of them ? 



P. — The diagonals of a pa- 
r&Uelogram bisect each other. 



For, :• ab=zcdy 

and £ abe:=z Z. dcey 

aad Z^ bae =: £cde; i 

.*• A abeiz A cdCf 

and be izcCf and aezz de. 

Hence, the diagonals adycb bisect each other in the 

point e. 

f5 
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M. — Mention some figures which are parallelograms. 

P, — The square, the rhomb, and the rectangle. 

M. — Since these are examples of the parallelo- 
gram^ the truths you have demonstrated respecting 
paraUelograms, in genercdy must likewise apply to 
a square, to a rhomb, and to a rectangle. But, these 
being particular cases of the paraUelogram, each of 
them will give rise to particular truths. Begin with 
the square : define a Square. 

P. — A square is a four-sided figure of which the 
sides are equal, and the angles right-angles. 

M. — Now, what are the general truths common to 
all parallelograms ? 

P. — 1. Their opposite sides and angles are equal. 

2. One diagonal bisects the parallelogram. 

d. The two diagonals bisect each other. 

M. — Now, find what particular truths apply to the 
Square. 

P. — 1. In a square, each diagonal 
bisects the opposite angles. 

c 

Thus, \' a b zn a c, 

,•• Z_ a b c ^1 a c b : , 

But /_ abciz alternate Z. deb : 

,\ /_ acbz=. L dcby — 

and .*. L a cd is bisected. 

In the same way, it may be shown that the angle 

abd 18 bisected : 

.*. the diagonal b c bisects the opposite angles. 
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Obs4 — There are several other modes by which this 
truth may be demonstrated. 

2. In a square two diagonals inter- 
sect each other ^t right angles ; they 
are equal to each other ; and the four 
segments are equal to each other. 
For, \* abzz acy 

and a e is common to the triangles (neb, aecy 
and Z. caezz L bae ; 
,\ A aeb zz A aec, 
and .\ Z. a 6 b m Z_ a c €y 
which, accordingly, are rt. /. s : 
hence, all the angles at e are rt. / s. 
Also, *.* a b and bd=s a b and a c, 
and Z_ abd =i £ b.ae ; 
.*. the base ad =s the base be: 
and, since a d and b c bisect each other, 
,\ae^=ied^^eb=iec* 

M. — ^What axiom do you use here ? 

P. — ^Because the whole lines a d and b c are equal 
to each other, their halves, ae, edy eb, and e c, are, 
likewise, equal to each other. 

M. — Define a Rhomb. 

P, — A rhomb is a four-sided figure whose sides are 
equal, but whose angles are not right angles. 

ilf.— Now, ascertain the particular truths \^hich 
apply to a rhomb. 

P. — 1. Each diagonal bisects the opposite angles. 

2. The two diagonals bisect each other at ri^ht 
angles. 
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3. The two diagonals are not equal to each other, 
nor are their four segments equal to each other. 

Note. — Of these three positions, the former two 
are demonstrated as the similar cases respecting the 
square ; at the proof of the third the pupils will 
easily arrive, guided by the definition of the rhomb. 

M, — In what way, then^ must two straight lines 
intersect each other, so that the figure, formed by the 
four lines joining their extremities, may be, 

1. A square; 

2. A rhomb ? 
P. — 1. In order that the figure 

may be a squarcy the two straight 
lin^s must be equal, and must bi- 
sect each other at right angles. 
Let ad he equal to c 6, 
and let them bisect each other at right angles in e; 
the figure acdb shall be a square. 
\* ae,be'=, ce^de^ each to each, 
and Z. aebzz Lcedy 
.*. base a & = base c dy 
also *.* 6 e z= c e, 

and a e is common to Asae6,aec^ 
and Z. cL^b'zi l_ aecy 
,\ abzzacy 

*\abz=: ac i^cdzz db: 
and .'. the figure acdb is equilateral. 
Again, \' Z_ aec is a. rU Z_y 
.•. Z.S eac + ecazz I rt. Z« 
But V ea = e'cy 
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,\ /^ eaczz Z^ectty 

and /. ^ c a c is J rt. ^. 

In a similar manner^ it may be shown ihsX/^eab is J rt ^; 

.*. Z ^ac is a rt. ^. 

In the same way, it may be proved that ^s acc^ 

cdby dba, are rt. ^s: 

/. the figure acdh is, likewise, rectangular ; 

and, having been proved to be equilateral^ 

.*. it is a square* 

2, Again, in order that the figure may be a rhomb, 
the two straight lines must not be equal to each other, 
yet they must bisect each other at right angles. 

(This the pupils will easily demonstrate.) 

M, — If, then, one of the angles of a parallelogramic 
figure is a right angle, what are the other angles, 
necessarily ? 

P. — Likewise, right angles. 

(This is easilt/ demonstrated.) 

M, — Again, if a four-sided figure is equilateral, is 
it, necessarily, equi-angular ? 

P. — No. (Instance — the square, and the rhomb.) 

M. — 'But, if a four-sided figure be equi-angular, is it, 
necessarily, equilateral ? 

P. — No ; it is, however, rect- ^\ .6 

angular. 



c 

*.* the figure abdc is equi-angular, 

.'. each of its angles is one-fourth of their sum : 
but the sum of the angles is 4 right ^s ; 
•'. each of the angles is a right angle. 
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M, — And what, therefore> may be said of the 
sides f 

P. — The opposite sides are parallel : 
because ^ cab + ^dba are two rt. ^s, 
.*• ac is parallel to bd; 
and, for a similar reason, a bis parallel to cd. 

M. — What, then, would you call a quadrilateral figure 
whose angles are equal to each other ? 

P. — A rectangular parallelogram [a rectangle'] . . 

M. — ^Is it always so ? 

P. — No ; it may be a square : but, then, it must be 
known that the sides are equal. 

M. — Now, find what particular truths apply to a 
rectangle. 

P. — The two diagonals of a rectangle are equal 
to each other, and its four segments are equal to 
each other. 

(Demonstration, analagous to that respecting the 
square and the rhomb.) 

M, — In what way, then, must two straight lines 
intersect each other, that the figure, formed by joining 
their extremities, may be, 

1. A rectangle ; 

2. A parallelogram ? 

P. — 1. That the figure may be a rectangle) the 
two straight lines must be equal and bisect each other, 
yet not at right angles. 

2. That it may be a parallelogram, the two straight 
lines must be unequal to each other, and must bisect 
each other, yet not at right angles. 
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(The demonstration is analagous to that respecting 
the square and rhomb.) 

ilf.— We have, now, completed the investigation of 
parallelograms. What is the other group of quadri- 
lateral figures which you mentioned ? 

P.— Trapeziums [or, trapezia]. 

M. — Can any general truths be stated respecting 
trapeziums ? 

P. — ^No ; unless some relation of the sides or angles 
be known. 

M, — There is a particular case of a trapezium — 
A quadrilateral figure having three interior and one 
exterior angle. Endeavour to describe such a figure ; 
and, then, state what you can discover respecting it. 

a 

P.— 

The figure abcdh such a trapezium ; and we have 
proved before (Sect. 5.) that, 

2. /^bdc^hac ; and 

3. L bdc=: interior L^bac -{• abd •\- acd. 

a 

d 





h 

Well, produce cd to e ; 

.\ Qnt. /^ b d c o{ C^deczi int. and opp. ^s ft cc + ac d. 
But ext.^ bee ofAbaczz int and opp. Z.^ba c-\-a bd; 
.'. /^bdczz. interior ^sftac-f- abd ■\- acd. 
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SUBSTANCE OF SECTION VI. 

1. A parallelogram is a quaci^ilateral figure whose 
cpposite sides are eguaL 

2. The opposite sides and angles of a parallelogram 
are equal to each. other. 

d. A quadrilateral figure whose opposite sides are 
equal is a parallelogram. 

4. The two straight lines joining the extremities of 
two equal and parallel straight lines, toward the same 
parts, are themselves equal and parallel. 

5. In a parallelogram, a diagonal bisects the pa- 
rallelogram. 

6. In a parallelogram^ two diagonals bisect each 
other. 

7. In a square^ a diagonal bisects the opposite 
angles. 

8. In a, square^ two diagonals are equal to each 
other ; they intersect each other at right angles ; and 
the four segments are equal to each other. 

9. In a rhomb, each diagonal bisects the opposite 
angles. 

10. In a rhomb, the two diagonals bisect each other 
at right angles. 

11. If one of the angles of a parallelogram is a 
right angle, the other angles are, likewise, right angles. 

12. If a quadrilateral figure is €^m-angular, it is 
rectangular ; that is, the figure is a rectangle. 

13. The two diagonals^ in a rectangle^ are equal to 
each other. 
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14. In a trapezium having an exterior angle, the 
exterior angle is equal to the three interior angles. 



SECTION VII. 

EQUALITY OF SQUARES, RECTANGLES, ^ND 
PARALLELOGRAMS. 

M, — What must we know of a square in order to 
ascertain the number of square feet or square 
inches which it contains, — in short, its area 9 

P. — One of the sides ; for, then, the other sides 
become known, as they are all equal to each other, 
and the angles are all right angles. 

M. — When are two squares equal to each other ? 

P' — When they have one side of the one equal to 
one side of the other — or, when their bases are equal. 





Ucd=igh, the square abdc shall be equal to the 
square efh g. 
Join ccf and gf: 
f*.* abdc and efhg are squares, 
and cd=^ghi 
r.hd=zfh; 
and j^bdc=. Z-f^g* 
.•• Abdc=i Afhg: 
but Abdc is J of the square abdCf 



e 

r— — ~~ 
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and Afhff is J of the square efhg; 
.'. square abdcsz square efhg. 

M. — If, then, two equal straight lines be drawn, 
and upon them squares be constructed, what may be 
said of these squares ? 

P, — They are equal to each other. 

M. — Draw a straight line 
on your slates, bisect it, and 
on the parts describe squares ; 
likewise, describe a square on ^ f 

the whole line ; then, compare 
these squares. 

P. — The square upon the whole line a i is four 
tinges as great as the square upon half the line. 

The square on half the line ad is one-fourth of 
the square on the whole line. 

The two squares on half the line are, together, 
one-half of the square upon the whole line. 

(The pupils should demonstrate what they have 
just-now stated.) 

M, — Divide a straight line into three equal parts ; 
describe squares on the whole line and on the parts, 
and compare them. 

P, — The square on the whole line is nine times 
as great as the square on one-third of the line. 

The square on one-third of the line is one-ninth 
part of the square on the whole line. 

The three squares on the parts of the line are, 
together, one-third of the square of the whole line. 



a 







h 


f 


d 




e 
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(Demonstration as in the preceding.) 

The comparison of the square of the whole line 
with squares described upon one-fourth^ one-Jifthy &c. of 
the line^ is now continued, as far as the master thinks 
expedient. The pupils are, then, required to compare 
these results with what they have learnt of square 
numbers. (Lessons on Number, p. 130. 2d £d.) 

M. — Again, if ^ straight line 
be divided into two uneqtuily 
instead of into two equal, parts, 
and squares be constructed 
upon these two parts» and like- 
wise- upon the whole line — t 
what may be said of them ? 

P. — The square abkh upon the whole line a 6 is 
greatier than the square acgf'\' cbed upon the 
parts a c and cbyby the figure dek hfg. 

M, — You will be able to express the comparison 
better, if you produce c^ to the side k A. 

P, — The square upon the whole line is greater than 
the squares upon its parts, hy the two figures fglhy 
dehL 

M. — And, of what kind are these figures ? 

P. — They arci two rectangles. 

M. — ^When may the area of a rectangle be known ? 

P» — ^When two of its adjacent sides are known ; 
for, then, all its sides become known ; and its angles 
are right angles. 

M* — ^Hence, when are two rectangles equal to each 
other ? 
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P, — When two adjacent sides of the one are equal 
to two adjacent sides of the other, each to each. 

M, — Nowy find whether these two rectangles are 
equal to each other. 

P, — They are equal to each other : 
'.' abzzahy and aezz, af^ 
. * . remainder cbzn remainder f h. 
But ch'zide ; 
••»fh zz de : 
also *•* bk::; hky 
and bezidcn kly 
• * . remainder A / = remainder e ky 
•*• adjacent sides /A, A/ = adjacent sides de^ek; 
and .*• the rectangles are equal to each other. 

M. — Since two adjacent sides of a rectangle are 
suflBcient toward ascertaining its 



area, it is usual, when speaking of | ^ 

a rectangle, as a 6 dc^ to say, '^ the n 

rectangle contained by a 6, a Cy* 
or, simply, ^^ the rectangle ab^a e." 

Now, obsenre by what lines the preceding two 
rectangles are contained. 

P.— One of them by fffyfh, and the other by e A, e d. 

M, — Compare these with a Cy cb. 

P.—fg.fhznaCycby 
**^fg = acy KcAfh zzeb; 
also e A, edzzac, cb, 
'.' ekziaCy and edzz cb. 

M. — Hence the square o£ab is greater than the 
squares of a c and cb by — f 



AN INTRODUCTION TO GEOMETRY. 



117 



P. — by twice the rectangle contained by a c, c b. 

M. — And, the square of a 6 is equal to — ? 

P. — the squares of ac and cbt together with twice 
the rectangle contained by ac and c b. 

ilf. — Express this truth as a general proposition. 

P. — ^If a straight li^e be divided into any two 
parts, the square of the whole line is equal to the 
squares of the tvi^o parts, together with twice the 
rectangle contained by the parts. 

The master will^ here^ have a suitable opportunity 
of directing the attention of his pupils to a numerical 
truth analagous to the preceding — ^namely, that if a 
number be divided into any two parts, the square of 
the whole number is equal to the squares of the 
parts, together with twice the product of the parts ; . 
and, that, in general, the product of two numbers 
corresponds to a rectangle constructed by two straight 
lines. 

M. — The same truth may be n 
demonstrated by means of the 
following construction — }i 

(writing upon the slate — ) 
Upona^describethesquarea^ecf/ 
join db ; 

from c draw cfg parallel to be ox a dy 
and, through^ draw k h parallel toab or de. 

The pupils may either be left to demonstrate the 
proposition unaided, or the master may direct their 
attention to the following notes, whichj, for that pur- 
pose, he should write on the slate* 
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Show that) 

1. The figure c i A/ is a square ; 

2. The figure hfg e? is a square, and equal to a square 
upon ac ; 

3. Rectangle a cfh = rectangle /A eg: 

4. Thence, draw the necessary consequences. 

The demonstration found by the pupils, with a slight 
exception as to the complements af^fe^ is that in Eu- 
clid's EL B. II. P. 4 ; which see. a 

M, — Since, then, the rectangle 
a cfh is equal to the rectangle 7 
fk eg^ what will be the result, if 
the square chkf be added to 
each of them ? Ct 

P, — The rectangle abkh^s the rectangle cbeg, 

M. — And the sum of these two rectangles is, there- 
fore, equal to what ? 

P. — To twice either of them. 

M. — Now, what are the lines that contain the 
rectangle abhh? 

P. — The lines a 6 and c 6 ; because bk^cL 

M. — Therefore, twice the rectangle contained by 
a b and e 6 is equal to what ? 

P. — To twice the square upon cby together with 
twice the rectangle contained by a c and c b. 

M. — And what will be the result, if, to each of the 
rectangles a cfh and /A eg, the square hfg d, — that is, 
the square upon a c, — be added ? 

P, — The rectangle acgd= the rectangle hked, 

ilf. — And, therefore, the sum of these rectangles is 
equal to — ? 
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P. — To twice either of them. 

M, — ^What are the lines that contain the rectangle 
acgd? 

P, — The lines a h and ac; because ad =z ab, 

M. — Therefore, twice the rectangle contained by 
a h and acis equal to what ? 

P, — To twice the square upon «c, together with 
twice the rectangle contained hy ab and a c. 

M. — Express this truth in words. 

P. — If a straight line be divided into any two parts, 
twice the rectangle contained by the whole line and 
one of the parts is equal to twice the square upon 
that part, together with twice the rectangle contained 
by the parts. 

M. — Two other interesting truths may be dis- 
covered from the preceding construction of the figure ; 
anU we shall^ therefore, examine it more minutely. 
A B 

5 a c \ 



a 



I 





c 


s 


\ 
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For that purpose, I have constructed two figures, A 
and B— the former a square, the latter a parallelo- 
gram. 

You have already shown, that the rectangles a cfh, 
fkegy in figure A, are equal to each other; now 
ascertain whether the same thing be true of the cor- 
responding parallelograms in figure B. 
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P. — Yes : they are equal to each other. 
'.• Aabd^Abdcy 
and A cfb = Afh A, — 
and A hdf= a dgf; 

.*. remaining parallelogram a cfh = remaining paral- 
lelogram/A c^. 

JIf. — Now, tell me how the parallelograms chkf 
and hfgd are situated with respect to the whole 
parallelogram abed. 

P, — They are about the diagonal b d, 

M» — And, to what are these, together with the two 
equal parallelograms a c/h,fk e g, equal ? 

P» — They are together equaf to the whole paral- 
lelogram abed, 

M, — The two rectangles in figure A, or the two 
corresponding parallelograms in figure B, therefore, if 
added to the parallelograms which are about the 
diagonal of these figures, make-up or complete them, 
and are, on that account, called Complements. What 
may be said of them ? 

P. — The complements of the parallelograms which 
are about the diagonal of any parallelogram are equ^l 
to each other. 

M, — And, what are the parallelograms which are 
about the diagonal of a square, in figure A ? 

P. — The parallelograms which ^re about the diago- 
nal of a square are, likewise, squares. 

jSf. — When is a parallelogram known ? 

P, — ^When two of its adjacent sides and the angle 
contained by them are known ; for, then, the other two 
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sides are known and the remaining angles are known, 
because the opposite sides are parallel. 

M. — Hence, when are two parallelograms equal to 
each other ? 

JP. — When they have two adjacent sides, and the 
angle contained by them, of the one, equal to two 
adjacent sides^ and the angle contained by them, of 
the other, each to each. 



6 ^A 7/ 





For, i£ac,cd=:eg,ghj each to each, 

and /, acd=i /_ eghy 

.*. A acd=: A egh. 

But, A ac d 18 i of the parallelogram abdc, 

and A e ^ ^ is Mf the parallelogram efh g ; 

.*. these parallelograms are equal to each other. 

M. — ^But if, of two parallelograms, it. is known that 

the bases are equal to each other — are, then, the/Mx- 

raUelograms equal ? ^ k 

e i V 

aL a 

P. — No ; for if a 5 = e^ 
it is not necessary that the parallelogram ahdc should 
be equal to the parallelogram efhg. 

M. — And, what happens, then, when the parallel- 
ogram efhg is applied to the parallelogram ahdc^ 
so that the point e is upon the point a, and the base 
e/upon the base ah'^ g 
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P, — The point/ must fall upon the point 6 ; because 




ilf.— And, when will these parallelograms become 

equal ? 

/>.— When ^ ^ is in the same straight line with cd; 
that is, when the parallelograms are between the same 
parallels. 

M, — Describe two parallelograms in such a manner 
that they shall have a common base and be between 
the same parallels ; and, then, determme whether they 
are equal. e d ^ JP 




T 
P. — ^Let the parallelograms ahdcy ahfe^ be upon 

the same base a b, and between the same parallels a 6, 

cf; they shall be equal to each other. 

\' cd=iab9 and ab=i efy 

.-. cd=:ef9 

and .\ ce^ df; 

but, ac^dby 

and /_ bdf:= interior opposite Z. ace; 

/. A b df= Aace : 

from the trapezium abfc take the triangle bdf 

or ace; 

•*• parallelogram abdc =s parallelogram a bfe. 
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M, — Hence, parallelograms are equal when 



P. — They are upon the same base, and between the 
same parallels.; 

ilf— What is to be observed with respect to the c^« 
tance of parallel lines ? 

P4 — ^Parallel lines are ^^tdistant. 

3L — And, in what way is their distance determined ? 

P. — ^By drawing a perpendicular. 

M, — ^Hence, parallelograms which are between the 
same parallels have, likewise — ^what ? 

P. — The same perpendicular height ; they have the 
same aUUude, 

M, — And, since parallelograms upon the same base 
and between the same parallels are equal to each 
other, what may be inferred of equal parallelograms 
which are upon the same base ? 

P. — Equal parallelograms upon the same base must 
be between the same parallels ; or, they must have the 
same altitude. 

M, — ^Instead of being upon the same base, the 
parallelograms may be 

P^ — ^Upon equal bases and between the same 
parallels^ 




Let the base abzz the base ef^ 
and chbe parallel to afy 



g2 
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the parallelogram abdc = parallelc^ram e/A^. 

Join affybh; 

then \' ghzz efy and «/= a by 

,\ ab :z: gh» 

Also, a 5 is parallel to gh; 

.*. a ^ is parallel and equal to 6 A, 

and .\abhg \& 2l parallelogram ; 

and, it is equal to the parallelogram abdv^ 

*.* thej are upon the same base a by and 

between the same parallels aby ch : 

and, for similar reasons^ 

the parallelogram abhgzz paraUelogram efhg; 

•*. parallelogram abdczz parallel(^ram efhg. 

M, — It is usual to denote a parallelogram by two 
letters placed at the vertices of two opposite angles. 

Thus, ^ A the parallel(^ram abdc is 

usually (lZ__yo denoted thus, — n c6 or a ad. 

What relation has a triangle to a parallelogram 
which is upon the same base and between the same 
parallels? 

JP.— rif a triangle and a parallelogram are upon the 
same base and between the same parallels, the triangle 
is one half of the parallelogram, or the parallelogram 
is daubU the triangle. 
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Let cj ad and Acdehe upon the same base cd, 
and between the same parallels af, cd; 
u ad shall be double of a cde. 
Draw df parallel to ce ; hence, cf is a parallelo- 
gram: 

and /. CD adss □ c/— 
but o cf 18 double of a cde; 
.*• CD ad is double of A cde. 

M. — Is it necessary that they should be upon the 
same base? 

JP. — No ;xthe same thing is true of them if they be 
upon equal bases between the same parallels. 

ilf. — From this and some of the preceding truths, 
I think, you will be able to discover 9k fifth instance of 
equality with respect to (riangles, 

P, — Yes; two triangles are equal when they are 
upon the same base and between the same parallels. 

S a d 




Let A8 a bcy bedy be upon the same base, be, and 
between the same parallels,/^, be; 
A abe shall be equal to a bed. 
Draw e e and 5/ parallel to bd and ae; 
.'. CDfe=: u be; 
but cD/e is double of a a 6c, 
and a be is double of a bed: 
.'. Aabe^Abed. 
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M4 — In what does this fifUi instanoe differ from the 
four previous instances of equality in triangles ? 

P4 — ^In the previous instances, the sides and angles 
of the <me triangle are equal to the sides and angles of 
the other triangle, each to each — ^whereas, in this case, 
the areas of the triangles are equal, yet not their 
respective sides or angles. 

M. Well — in the previous instances, the triangles 
are said to be idemUcaL 

I think you will, now, be able to discover, yet an- 
other instance of triangular equality. 

JP. — Yes ; triangles are equal to each other when they 
are upon equal bases and between the same parallels. . 




Let hc=:^ e/and ah he parallel to bf; 

A a & e shall = a def: 

draw eg and fh parallel to ab and ed; 

.\ CJ bg ^ □ eh; 

but cjbgis double of a abcy 

and o e A is double of a def; 

.*. A abc= A def, 

m 

^ M, — Are these triangles identical ? 
JP. — They are identical only if 

ab=:de and ^abc = ^def 
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When this is not true, the areas of the triangles are 
equal, but the parts of the triangles are not identical. 

ilf. — You have observed the circumstances under 
which a parallelogram is double of a triangle. Try, 
now, to find when a parallelogram is equal to a tri- 
angle. 

P. — A parallelogram is equal to a triangle when 
both are between the same parallels, and the base of 
the triangle is double that of the parallelogram. 




If a ^ is parallel to cfy 

and e/is double cd, 

C2 ad shall be equal to a efg; 

bisect ef'in h and join gh : 

.'. Aehgzz Ahfg, 

because thej are upon equal bases and between the 

same parallels ; 

and /, A efg is double of a eA^, or a hfg: 

but, a ad is double of a e A^, or a hfg : 

.\ c}ad=z A efg. 

M. — Again, when is a parallelogram double of an- 
other parallelogram ? 

P, — When they are between the same parallels, 
and the base of the one is double the base of the 
other. (Demonstration similar to that of the preced- 
ing position.) 
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M. — ^Draw an isosodes right-angled triangle^ and 
upon its sides describe squares ; then, compare diese 
squares. 



\ a/ ._ \e 

i 9 



P. — 1. The square upon a 6 = square upon be; 
because ab^^bc. 

2. The square upon ac = square upon ab + the 
square upon be ; 

or, the square upon ac is double the square upon 
a b or be* 
Join ae and dc; 
then :• a dec ISA square, 
a t = iCy and ^ aic is a rU ^; 
and .'. /^ caizz. ^ a c t = J rt ^ ; 
but ^bac zz Z, ^c^ =: ^rt. ^ ; 
.*. A abc^ A aicy 

because a c is common tp them, and adjacent to equal 
angles ; 

and .*. a t c 6 is a square, 
and the square adeczz the 4 as a be. 
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ButysiquareA^ = square ate 6 = 2 Asa^c, 

and square bg = squarea t o 6 ^2 Aabc; 

.'. squares hb + &y = 4 Asabc; 

and .*• square adec^ squares A 5 + ^ ^ — 

that is, the square upon a c:ii twice the square upon 

a b or be, 

M. — Hence, what must be done in order to make 
a square equal to twice another square ? 

P, — ^Draw a right-angled isosceles triangle, whose 
equal sides are^ each of them, equal to the side of the 
square. The square upon the side opposite the right 
angle is equal to the two squares upon the other 
sides of the triangle; and it is, therefore, equal to 
twice the other square. 

M, — Draw any right-angled triangle, and construct 
squares upon its sides : then, compare these squares. 

I dm 




P. — The square upon a c is equal to the squares 
upon a h and b c together. 

Produce b a and b c, and, through d and e, draw / m 
and m» parallel to bn and 6/, respectively ; 

g5 
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also, produce h a and gc till they meet in jo, 
and produce hk and ^/ till they meet in o, 
and join kf, 

'••^^*'^^^^'} are parallelograms; 
pb and ho^ ) 

and, V Z. aid 18 bltU /iy 
.•. Z.S /oc? + /rfa = a rt. Z., 
and, .'. Z-s/arf + Z€?a2= Z. dac. 
But, /_ lda=s alternate Z. pad; 
/. remaining Z. lads= Z. pac, 
and rt. Z a / c/ = rt. Z. «/? c^ 
and adss: ac; 
.*. A alds:^ A a/>c, 
and a Z = a jt? = bc; 
also ld=ipc =sabm 

And, in the same way, it may be shown, 
that A abc= a c»e, 
and ab =^cn := Id; 
also, 6 c =s e n =^ aL 
But, v/6 = mn, and Zm = 6n, 
and Id^s^ctiy and al = en ; 
.«. bc=imdf and ab^=^m c, — 
and .'. A«^c= A dm e, — 
and .'. /i» ^slb ^bn^ssinm; 
and Z. Zftn is a rt. Z. ; 
/. fig. Zn is a square. 
• Again, \'pe=^ab = ha, 
and c^ = bc=^ap, 
.'.pg^ph^ho^og; 
and Lpgo is art. Z. ; 
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.'. fig A^ i8 a square. 
But, hk=iaby and ap ss: al; 
.•. hp s=bly 

.*. square hgs= square In: 
also, ••• kby bf^=abybc, each to each, 
and rt Z. A bf=s rt Labc^ 
.'. A hbf=i A abc. 

But, A kbf^kofy and Aabc^ a ape; 
.'. ABabc'\-cne'^emd-\- dia^ss 
= AS a 6c + ape + kbf+kof. 
From the square /n, take the triangles a 6c, cue, 
etndi and d la; 

and from the square A^, take the triangles abcy ape, 
kbf, wadkof: 

•'. remaining square dc = remaining square hb + sq.bg. 
The several parts of the preceding demonstration 
may be thus separated : show that 

1. The triangles abcy a Id^ cue, and emd, are equal 
to each other. 

2. That, therefore, / » is a square. 

3. That Ay is a square. 

4. That hff is equal to /n. 

5. That the triangles kbg, abc^k ofy and ap c, are 
equal to each other, and to the triangles a be, aid, 
dme, and one, 

6. And, therefore, that the square dc is equal to the 
square A 6 -f sq. bff. 

M. — Express fully, in words, the truth you have 
demonstrated. 

P. — In a right-angled triangle, the square described 
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upon the side opposite to the right angle, is equal to 
the sum of the squares described upon the sides con- 
taining the right angle. 

M, — ^If required to construct a square which shall 
be equal to two given squares, in what manner would 
you proceed ? 

P.— Draw two straight lines at right angles to each 
other, and equal to the bases of the given triangles 
respectively; the square upon the straight line joining 
their extremities shall, then, be equal to the two 
given squares. 

M, — ^In an obtuse-angled triangle, squares being de- 
scribed upon the sides, it is required to compare the 
square described upon the side- subtending the ob- 
tuse angle with the squares on the sides containing 
that angle. 

The pupils should be left to find-out, unaided, the 
excess of this square above the sum of the other 
squares. 

Should, however, the master have occasion to assist 
them, he may proceed thus : 




G 

M. — If £k acbiB obtuse-angled, at e, what must be 
done in order to make it a right-angled triangle ? 

P, — Produce b c, and, from a, draw ad at right 
angles to bd» 
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ilf. — Now, find whether the squares of bd and a d 
are greater or less than the squares of be and a c, 

P. — The square of 6 rf is greater than the square of 
bcyhy the square ofcd and twice the rectangle con- 
tained hybcycd; 

and the square of a d is less than the square of a c, by 
the square of cd: 

therefore, the Squares of b d and a d are, together, 
greater than the squares of be and ac, by twice the 
rectangle contained by 6 c, c d, 

M, — And, to what square are the squares of bd and 
a d, together, equal ? 

P, — To the square ofab, 

M4 — ^Draw, thence, the necessary inference. 

JP. — The square of ab is, therefore, greater than the 
squares of 5 c and a c by twice the rectangle con- 
tained by 5 c, c df. 

Exhibit this demonstration on your slates ; and, in- 
stead of writing " the square of ab" write ab^. 

P. bd*^ bc^yby cd^ and twice the rectangle b c, 

Cdy 

and ad^ ^ac^yby cd^ (because ac^ =:a(? + c(P); 

.\ bcP + ad^^b<^ -^ ac\by twice the rectangle b c, 

cd: 

but bd" •j-ad'zzab^* 

.\ aV^b(^ -^ a(^yby twice the rectangle b c, cd, 

M. — Instead of producing b c, what else ^ ^ 

might have been done in order to make 
the obtuse-angled triangle^ a 6 c, a right- 
angled triangle ? 
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P. — The side ac might h^ve been produced, and 
from b a perpendicular been drawn to it. 

M. — Try whether, in this case, the demonstration 
would be the same. 

[The pupils will find it would.] 

M, — Express, in words, the truth jou have demon- 
strated. 

P. — In obtuse-angled triangles, if a perpendicular 
be drawn from either of the acute angles to the oppo- 
site side produced, the square of the side subtending 
the obtuse angle is greater than the squares of the 
sides containing the obtuse angle, by twice the rect- 
angle contained by the side upon which, when pro- 
duced, the perpendicular falls, and, the straight line 
intercepted, without the triangle, between the perpen- 
dicular and the obtuse angle. 

Obs. — While it is, of course, not to be expected, 
that the pupils can express the result of a demonstra- 
tion in terms so accurate and precise as the preceding — 
yet, the teacher is earnestly counselled to require 
them, in every case, to state, in their awn words, the 
truths which they hav^ discovered, — altering and 
amending their expressions till they assume the form 
of a strict and regular proposition: for, they will, 
thus, be led to perceive clearly the necessary con- 
ditions and exact limits of the results of their in- 
vestigations, and to acquire a readiness in embodying 
them in correct and suitable phraseology. Perhaps, 
indeed, of all the various exercises arising out of 
geometrical study, few tend more than this toward 
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the genercU iffiprtwement of the menial facukies, — 
which, be it recollected, is a principal object of 
this Treatise. 

M4 — ^Draw any acute-angled triangle, and compare 
the square described upon any one of its sides with the 
sum of the squares described upon the other two sides. 

If the master should find it necessary to assist 
his pupils, he may proceed thus : 




M. — Let abd he a triangle right-angled at d; what 
must be done in order to make it an acute-angled tri- 
angle ? 

P. — Produce bd to any point, e, — and draw a c. 

M, — Now, compare b c* with b d\ 

P. be' is greater than bd^ by d& and twice the 
rectangle bd, dc. 

M. — Also, compare a c* with a d\ 

P. a <^ is greater than ad^ by dc^, 

M. — Hence, bf^-^aa^ are greater than i cf'-f ad^, 
by what — ? 

P. — By twice difi and twice the rectangle bd^dc. 

ilf.— But, to what square are bd^-j- ad^ equal ? 

P.-^Toab'. 

M. — Therefore, bi^-^ac^ are greater Finish the 

sentence. 
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P, — Than a b\ by twice dd^ and twice the rectangle 
bdy d €• 

M. — ^And, what figures are formed by the two 
squares oi dc and twice the rectangle bdydcf (p 

287, No. 3.) 

P, — Two rectangles, which are equal to twice the 
rectangle contained by be and c d, 

ilf.— And, therefore, 6«*H- ac' are greater than ab^ 

by-? 

P. — By twice the rectangle bc^cd. 

j|f._Ora*Ms— ? 

P. a b^ is less than bd^'{- a&^ by twice the rect- 
angle bcycd. 




M* — If, then, in the acute-angled triangle, abcy it 
should be required to compare a b^ with 6 ^ + a ^> how 
would you proceed ? 

P4 — ^From a, we would draw a straight line at right 
angles Ui be; or^ from 6, would draw a line at right 
angles to a c. 

iff. — And, if a c^ is to be compared with a 6* + a c' ; 
or 5c2 with ai'H- 6c' — ? 

Note. — ^It is advisable that the pupils should actually 
draw the perpendiculars, and write upon their slates 
the relations which the squares bear to one another, 
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and fully demonstrate each case. Thus, they will find 

that 

a 




1. ab^^bc^+ ac^hy 2 bcy cd, or by 2 ac, cf. 

2. ac^<^ab^-{' be" by 2 be, bd, or by 2 abf be. 

3. be^^ ab^+ a c^ by 2 a c, af, or by 2 a b, ae. 
Obs. — ^If ^ a c 3 be an obtuse angle, 

the perpendicular a d will fall wUhout a abc; 
and, then, ac^ ^ab^ + b(^ by 2 be, bd^ — as previ- 
ously. 

M, — Now, express, in words, the truth you have de- 
monstrated. 

P, — ^In acute-angled triangles, the square of the side 
subtending any of the acute angles is less than the 
squares of the sides containing the same angle, by 
twice the rectangle contained by either of these sides 
and the straight line intercepted between the perpen- 
dicular, drawn to it from the opposite angle, and the 
acute angle. 

SUBSTANCE OF SECTION VII. 

1. Squares are equal to each other when their 
bases are equal. 

2. If a straight line be divided into any two parts, 
the square of the whole line is equal to the squares 
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of the two parts, together with twice the rectangle 
contained by the parts. 

3. If a straight line be divided into any two parts, 
twice the rectangle contained by the whole line and 
one of the parts is equal to double the square of that 
part, together with twice the rectaingle contained by 
the parts. 

4. The complements of the parallelograms, which 
are about the diagonal of any parallelogram, are equal 
to each other. 

5* The parallelograms which are about the diagonal 
of a square are, likewise, squares. 

6. Parallelograms and triangles which are upon the 
same base and between the same parallels are equal 
to each other. 

7. Parallelograms and triangles which are \xpon 
equal bases and between the same parallels are equal 
to each other. 

8. If a parallelogram and a triangle are upon the 
same base, or upon equal bases, and between the same 
parallels, the parallelogram is double the triangle. 

9. In a right-angled triangle^ the square of the side 
subtending the right angle is equal to the sum of the 
squares of the sides containing the right angle. 

10. In obtuse-angled triangles, if a perpendicular be 
drawn from either of the acute angles to the opposite 
side produced, the square of the side subtending the 
obtuse angle is greater than the squares of the sides 
containing the obtuse angle, by twice the rectangle 
contained by the side upon which, when produced. 
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the perpendicular fidls and the straight line intercepted, 
without the triangle^ between the perpendicular and 
the obtuse angle. 

11. In acute-angled tridngles, the square of the 
side subtisnding any of the acute angles is les9 than 
the squares of the sides containing the same angle, by 
twice the rectangle contained by either of these sides 
and the straight line intercepted between the perpen- 
dicular, drawn to it from the opposite angle, and the 
acute angle. 

SECTION VIII. 

' PROPORTIONAL TRIANGLES. 

M. — Describe any triangle, and, from one of its 
angles, draw a straight line to the opposite side : what 
figure^ are thus obtained ? ' 

a 




P, — Two triangles, abd, and add. 

M. — ^When are these two triangles equal to each 
other ? 

P, — When the straight line, a £?, bisects the base, 
he; because, then, the triangles have equal bases, h d 
and dc, and they are between the same parallels. 

M* — ^And, what part of the whole triangle abc h 
each of the triangles abd^adc? 

P, — One'halfof the triangle abc. 
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M. — And, what part is the base 5cf of the whole 

P. — Also, one-half* 
. M. — How must ad he drawn, so that the triangle 
ubd may be one-third of the whole triangle abcf 

a 




d « 

P.— The base b e must be divided into three equal 
parts, 6 dy de, and ec, and, then, a d must be drawn. 

ilf.»Demonstrate that the triangle abdh ane-tkird 
of the triangle a be. 

P. — Join ae; 
then *.* bd^de^eCy 
^ abd ^^ Aade =^ A aec ; 
and .\ A abdis one third o£ Aabc, 

ilf. — Hence, when two triangles are between the 
same parallels, but the base of the one is one-half of 
the base of the other, what may be said of these 
triangles ? 

P. — The one is one-half of the other. 

M, — ^And, when the base of the one is one-third of 
the base of the other — ? 

P. — The otie is then one-third of the other triangle. 

M. — Under what circumstances must ad he drawn, 
so that the triangle a b d may be one-fourth, one- 
fifth, one-sixth, &c. of the whole triangle abcf 

P. — The base b c must be divided into four, five, 
six, &c. equal parts, of which bd shall be one. 
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M. — Andy how must ad he drawn so that the tri- 
angle ahd may be two-thirds of the whole triangle 
abcf 

P. — The base bd must be made two-thirds ofbc; 
and this is done by dividing b e into three equal parts, 




e 
be, de, and dc. Draw ad ; 

A abd is two-thirds of a a be. 

ilf.— Ho\^ must ac^be drawn so that the triangle 
abd maybe three-fourths* four-fiflhs, five-sixths, two- 
sevenths, &c. of the whole triangle abcf 

P. — The base bd must be made the same part, 
three-fourths, four-fifths, &c, of the base b e, 

iff. — How 'must the base 3 c be divided, in order 

that one of the resulting triangles may be one-half of 

the other ? 

a 




P. — ^Divide be into three equal parts, bd, de^ec, 
and join ad ; 
A abd is ^ of A a dc. 

M. — We may, then, say that the triangle abd is 
to the triangle a dc as — what two lines f 

P. — Asbd to dc. 

M. — Or, as what two numbers f 

P.— As 1 to 2. 
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M, — Now, draw adwy that the triangles may be to 
each other as 1 to 3 ; then, as 1 to 4> 1 to 5, iic* — 2 to 
3, 3 to 4, 4 to 5, &c. 

The pupils having done so, and having denumstrai'' 
ed each case, the master may ask, 

M. — Hence, how are triangles related to each other, 
when they are between the same parallels ? 

P. — Triangles between the same parallels are to 
one another as their bases, 

M, — Draw any triangle, bisect one of its sides, and 
from the point of bisection draw a straight line paral- 
lel to either of the other two sides. Then, find 
whether that side be likewise bisected. 




if 

P. — Let ad=idby and dehe parallel to 6 c y 
then shall a e =: e c. 
Draw e/* parallel to a by 
/. dfis a parallelogram, 
and ef=ibd=iad; 

also, ^ efc = int. opp. ^ dbf^ Z, « d^> 
and, ^ecf^s^ ^dea; 
/. A ade = a e/c, 
and, /. a e = e c, 
that is, a c M likewise biseded, 

3t. — ^Well, what part of the whole triangle a 6c is 
the triangle ade^ thus cut-off by the parallel line de f 
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P. — One-fourth of the triangle abc: 
for, the parallelogram dy* is double the a ade, 
and A efc ^ Aade ; 
/, whole Aa6c = 4x A a de^ 
that ist A ad e is ^of A abc. 

M, — Now, draw d e, from the third part of 6 a, paral* 
lei to be; and find what part a e, then, is of the whole a c. 

a 




T'.— Let a rf = rf/=/6 ; 
draw de and/^ parallel to be, 
and ekh parallel to ab : 

/. ae = e g, — ^because ad=idf, and de\% parallel to fg; 
also, ek=ik hy — because df^s^fb, and dhhfi parallel- 
ogram ; 

and/. e^=^c. 
Hence, ae = eg=i gc; 
that is, a e is, likewise, one-third of a c, 

M. — And, what part of the whole triangle is the 
triangle a de^ thus cut-off? 

P. — One-ninth part. 
V A afg = Aehcy 
and A afg = 4 x A ade, 
/. A efc si4 X A ade: 
also, parallelogram df^ 4 x A ade; 
•% trapezium c?6ce = 8x A ade^ 
and .%Aa6c=39-x A ade; 
that is, A ade 18 one^ninth part of a ab c. 
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The master should, novr, desire his popils todnm a 
parallel firom cme-fomdkf ome^^k, iwai iiifi, ^ part 
of o 6, and dien to find whether, 1, the side a c is 
divided bj this parallel in a similar manner; and 
2y what portion of the whole triai^fe is die triangle 
thus cat-o£ 

The pupils should find that, 

1. The side o c is, in ererj case, divided simikrijr 
to the side a b* 

2. That, if o J is one-hal^ or one-third, or one- 
fourth, or one-fifUi, &c. of o 6, 

A a dels mte^ourthj or (me^mitUkf or omt-WBteaUk, or 
€fnit4wenJty-Jiftky &c. of a ahc. 

M* — Hence, we shall be able to ascertain several 
very important truths. 

a 




For this purpose we shall draw, firom any point d^ in 
the side ah ^ the triangle a 6 c, a straight line de 
parallel to the side h c, — and then inquire, 

1. In what manner the side a c is divided. 

P^— As a 5 is divided ; 
that is, what part soever a ^ is of a 6, 
the same part is a6 of acr; 
and, what part soever 6 <f is of a 6, 
the same part is ec of ac. 

Jjg^ — When such a relation exists between four 
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numbers^ what may be said of them ? (Lessons on 
Number, p. 218, 2nd. Ed.) 

P, — They are proportional to each other. 

M. — Now, since a similar relation exists between 
the four lines « c?, a 6, and ae^acy what may, like- 
wise, be said of them ? 

P, — These lines are, likewise, proportional to each 
other. 

M. — You know the usual way of designating quan- 
tities as proportional to each other ; now, express the 
relation which these lines bear to .each other, in the 
same way. 

JP. ad lah \\ ae I ac. 

M. — And, since a similar relation exists between the 
lines dby abf and ec, ac^ you would express this — ? 

P. db : ab :: ec :ac, 

M. — Now, compare these two proportions with each 
other, and ascertain what inference may be thence 
drawn. 

P.— Since ad : ab:: ae: ac^ 

and db : ab :: ec : acy 

/. ad : db :: ae ; ec. 

M. — What axiom have you used in drawing this 
inference ? 

P, — That, two lines which have the satne proportion 
to two other lines that other two lines have, are 
proportional to each other. 

M. — And, what may be said generally,' if from any 
point in the side of a triangle a straight line be drawn 
parallel to either of the other sides ? 
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P. — It will divide these ^\die% propartkmaUy. 

a 




/ \ 



e 
c 



M, — Secondly, we shall compare the triangle^ a be 
and ade. What have you to observe of them ? 

P. — The angles o£ Aab c are equal to the angles 
of the triangle ade, each to each : that is, 
/^bac 18 common to each of them ; 
and ^ab c :=. /^ade, and /^acb'=L /^aed 

M. — Triangles which are such^ that the angles of the 
one are equal to the angles of the other, each to each, 
are said to be similar triangles. Hence, a line drawn 
parallel to one of the sides of a triangle cuts-off ? 

P, — A triangle which is similar to the whole tri- 
angle. 

a. 




/ 

ilf. — If, then, e/he drawn parallel to ab, what must 
the triangle e cf be, when compared with the whole 
triangle abc? 

P. — Likewise, similar to it ; and, therefore, also, si- 
milar to the triangle ade. 
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M. — Thxrdly^ compare the sides of the similar tri- 
angles ahc and ade. 

a 



Jl 


\' 


I A 

/ 

P. V deis parallel to b c, 


\ 


.-, ad: ab \\ ae : ac; 




and •/ d/is parallel to ac^ 
:. adiab :: cfibc. 




But cf^=ide; 




,\ad lab :: de : be. 




Again, ad: ab i: ae : ac ; 




.'.aeiae:: de : be. 


■ 



M, — Express this relation of the sides of similar 
triangles, in words. 

P, — In similar triangles, the sides which are opposite 
to equal angles are proportional to each other. 

M. — In similar triangles, the sides which are oppo- 
site to equal angles are called the homologous sides. 
What are the homologous sides in these triangles ? 

[The pupils name them.] 

M, — Fourthly y compare the areas of the triangles 
a de and abc. cu 




u2 
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P. — ^If we knew what part a din of a 6, we could 
tell what part the triangle ade is of the whole tri- 
angle a be, 

M. — Suppose ad to he three-^fths o£ab. 

P. — Then the triangle ade is nine-twenty-^fths of 
the triangle a be, 

M. — And, how are nine-twenty-fiflhs related to 
three-fifths ? 

P, — Nine-twentyfiflhs are the square of three- 
three-fiflths. 

M, — Hence, i£ad is any part whatever of a 6, what 
part will the triangle ade he of the triangle abc9 

P. — The part expressed by the square of a d. 

M, — And, by what name did we denote the sides of 
similar triangles which are opposite to equal angles ? 

P, — They are called the homologous sides. 

M. — ^Now, express, in words, the relation which 
similar triangles have to one another. 

P, — Similar triangles are to one another as the 
squares of their homologous sides. 

SUBSTANCE OF SECTION VIII. 

1. Triangles between the same parallels are to one 
another as their bases, 

2. If, from any point in any side of a triangle, a 
straight line be drawn parallel to either of the other 
sides, the segments of the sides are proportional to 
each other. 

3. Triangles are said to be similar to each other, 
when the angles of the one are equal to the angles of 
the other, each to each. 
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4. In similar triangles, the sides which are opposite 
to the equal an^s are called homologoui sides. 

5. In similar triangles, the homologous sides are 
proportional to each other. 

6. The areas of similar triangles are to one another 
as the squares of their homologous sides. 

SECTION IX. 
FOLYOONS. 

The aim of this paragraph is, to afford a suitable 
occasion and method for recapitulating and applying 
the forgoing truths, and, likewise, to excite the 
pupils to discover soqie of the more obvious and im- 
portant truths arising from the investigation of regu- 
lar polygons. In order to accomplish this object^ the 
master should abstain irom giving them any assist- 
ance^ and be satisfied if their endeavours are success- 
ful in part only, — rather aiming to obtain little, [hiU, 
that litde from the pupils themselves,'] than dragging 
them, as it were, forcibly forward, to wrestle with new 
difficulties. 

The following are some of the results acttmUy ob- 
tained, in this manner, from the author's pupils. — 

J!f. — We have, uow, arrived at the investigation of 
polygons, and it is my wish that you should endeavour 
to discover some, at least, of their properties. In 
what way would you begin the investigation of a regu- 
lar pentagoUy for instance? What questions would 
you propose to yourselves, concerning it ? 

P. — 1. We would endeavour to find the sum of its 
angles. 



150 LESSONS ON FORM, BEINQ 

2. Then^ each angle separately. 

3. Each of the sides may, next, be produced, and the 
sum of the exterior angles found. 

4. The sides may, then, be produced till they meet, 
and the sum of the angles be ascertained, which these 
sides form at the point of concourse. 

5. One diagonal may be drawn, and the relation it 
bears to the other sides be investigated. 

6. Two, three, four diagonals may be drawn, and 
their relations to each other be investigated. 

These answers, which the master may obtain from 
his pupils, he should write upon the large school-slate, 
and, directing their attention to their own observations, 
leave them to demonstrate each satisfactorily. 

1. In a regular pentagon, the sum of the angles = 
6 rt ^s. 




Join ac : 

•.• /.s of A a 5 c = 2 rt. /.s, 

and ^s of trapezium a e cf c = 4 rt. ^s, 

.'. Z8 of the pentagon = 2 -f- 4 = 6 rt /.s. 

2. Each of the angles is, therefore^ one-fifth of 6 rt. 
Z8. 
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t. €• six -fifths of a rt Z> o^* one rt. ^ and one-fiflh 
of a rt ^,— and, therefore, obtuse. 




3. The sum of the exterior angles = 4 rt. ^s. 
For, •.• each ext. /./a i + its adjacent int. j^bae 
2 rt. ^s, 

.*. all the ext. ^s -f- all the int. ^s = 10 rt. ^s. 
But, the int. ^s of the pentagon = 6 rt ^s ; 
.*. ext ^s = 4 rt. /.s. 




4. If the sides of a regular pentagon be produced till 
they meet, the sum of the angles at the points of con- 
course = 2 rt ^s. 
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For, *•* ext. /^lek 6£A*egk a= int. opp. '^segh-^-e kg^ 

and, likewise, ext^ Id e of a dfk-sG. int. opp. /i^dfh 

+ dhf, 

.'. ^s /e* 4- lde=z4 ^s at g, kyfy h. 

To each of these equals add ^ at // 

.% j^s of A edl=: 5 /^s at g, k,/^ A, /; t. c. 

= 2 rt. ^s. O/. 




5. A diagonal^ a c, is parallel to the side^ e d. 
Join adyce: 

then \' aefed=icdy edf each to each, 
and ^aed = ^cde, 
,\ A a e d =z A c d e. 

But^ equal as upon the same base are between the 
same parallels ; 
.*. a c is parallel to e d. 

a 
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6. If, from the same angular extremity^ two diago- 
nals aCf ad, be drawn, they shall be equal to each 
other; and each of the angles acd, adc, is double 
the angle cad. 

For, :• b Oy b c ^1 e a, e dy each to each, ^ 

and /.aftczz^aec^ 
.*. base aczz base a d^ 
and ,\ j^acdzz /^ adc ; 
also, ••• whole ^ at o = whole ^ at d, 
and j^eadzz^eda, 

.*. the remaining ^bad:=: the remaining Z^adc. 
But, V ad\\bc, 

.'. j^bcazz, alt. ^cadzz/^bac; 
and .*. ^ bad IS double of /^ cad. 
But ^adc=: ^bad; 
.\ ^adc is, likewise, double of /^ cad. 




7. If, from two angular extremities a, b, di^onals ac, 
be, be drawn, — 

1. The figure/crf« is a parallelogram ; 

2. The greater segment fc is equal to a side of the 
regular pentagon ; and the figure/c d e is, therefore, 
a rhomb. h 5 
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3. ^ b a IS waaUar to A abe. 

i. V ac II edand be || edf 

.*• %g.fcde is a parallelognun ; and^ 

2. .\fc^s.ed^:^fe^^cdy 
a side of the peotagOD ; 

the ^,fcde is, therefore^ a rhomb: 

3. also -.' the opposite ^s of parallelograms are equal 
to each other, 

.-. Z,cfe= ^crf«= Z,bae; 

but, ^ a/5 = Z, cfe ; 

and A, also, /. a/5 = ^ 5ae, 

and ^ a 5/ is common tOAsa^e, a5c; 

/. remaining ^ b af^= remaining j^aeb^ 

and .*• A a bfia similar to a a e 6. 

From this it follows that, 

L/a=/5, 

•/ ^aeb z= /^abe=: j^b af; 

and .•. rectangle c/ x fa = rectangle bf x /c .• 

2. also V A s a 5 e, a bf, are similar, 

.\be:ba::ba:bf 

and .'. rectangle 5 e x bf^=^ba^. 

But, '//c = 5 a =/c, 

.•.5a«=/e«, 

and .*. rectangle be x bf-s^ft^. 

Obs. — The master has, here, an opportunity of ex- 
plaining what is meant by ** dividing a straight line 
into extreme and mean ratio.** 

The pupils may, now, be required to investigate, in 
a similar manner, a regular hexagon. 

They will find that, 



AN INTRODUCTION TO GEOMETRY. 



155 



1. The sum of the interior angles of a regular hexa- 
gon is equal to eight right angles. 

2. Each of the angles is^ therefore^ one^sixth of eight 
right angles, [t. e. four-thirds of a rt ^ = one and 
one-third of a rt /.,] and is^ therefore^ obtuse. 

3. If each of the sides be produced, the sum 
of all the exterior angles is equal to four right 
angles. 

4. If the sides be produced till they meet, the 
sum of the angles at the points of concourse = 4 
rt. zs. y 




For, ••• ^s of A ^ A * = 2 rt. Zs, 
and, likewise, /.s of a ^»»o = 2 rt. /.s, 
/. ^s at the points ^, A, A, /, m, o = 4 rt. /.s. 
5. The opposite sides are parallel to each other. 




Join aeyb d 

then '.'fa^fe ^scby cd, each to each, 
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and L ^tf^L ate, 

,\aes=:bd. 

Buta^.aeecfy 

.'. figure ahdeiadi. parallelogram, 

and .*. ab\\ed» 

6. Also '.' whole Z. at a s whole Z at e, 
and V Z /« e «= Z. /eo, 
/. remaining /_ b ae = remaining L dea. 
But '.' a e II e d; 
.'. Zs5a«4-<fea=:2rt. Z.s; 

/. Z. ^ o c is a rt. Z. > 

and .*. fig. a cf is a rectangle. 




7. A diagonal, ie, is 

1. parallel \jQcdox af; 

2. bisects the angles at b and «, and^ also^ the hexa- 

gon. 
1. Join ce, bdj 
and '/ b Cf c d j= e dj de^ each to each, 
and Z. at c := Z at 0, 
.'. Abcd^ A ede: 
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and they are upon the same base do ; 
.*. he\\cd^ and ,\y likewise^ || af. 

2. AlsOj join ae: 
*.* in AS baCfbc ey 
rt. ^ 6 a 6 = rt. Z. bee, 
and ab^bcy 
.*. A bae =i Abe e, 
and ,\ Z. abe=i /_ cb e. 
But Z. abe =1 alternate Z. ft crfy 
.*. the Z.BSLtb and e are bisected. 
Again, *.' a a ft e = a ft c e, 
and A afe =i a edc, 
.'. AS abe 4- a/c = as ftce + edc, 
and .*. ft e bisects the hexagon. 
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8. If two diagonals ft e, a cf^ be drawn, each of the 
A^age, bgd^s:^ the angle of the hexagon. 
For^ V ad\\f€ and ft e || aff 
/.fig.aeisaparaUelogram, 
and .*. Z. age = opp. Z afe ; 
also V a ^ s=y*e and a/ s ^ e r 
.*. fig. a e is a rhomb ; 
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and each of the segments of the diagcmals is equal to 
a side of the hexagon. 




9 A third diagonal passes through the point of in- 
tersection of the other two. 
5o\nfg,gc; 
and *.' fig. ae is a rhomb, 
.-. Z. agf^ Legf. 
Similarly, L bgc=i L dgcy 
and Lagh^s- vert. L egd; 

.'. Z.sa gf H-o^^ + ft^csaJ the sum of the L s about 
the point ^, = 2 rt. Z. s, 
*\fc is a straight line; 

thus^ three diagonals intersect each other in the same 
point. 

10. Hence it follows, that the six triangles are 
equilateral triangles. 

The following are questions^ which the master may 
seasonably and appropriately ask his pupils, relative to 
polygons^ in general : — 

M, — What is the sum of the interior angles . of a 
heptagon-— of an octagon ? In what manner may the- 
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sum of the interior angles of any polygon be deter- 
mined? 

P, — Every polygon may be resolved into as many 
triangles as the figure has sides ; the sum total of their 
angles is^ therefore^ equal to twice as many right angles 
as the figure has sides. 

Now^ the sum of the angles about the common vertex 
of these triangles =s 4 rt. ^s; therefore, the sum or 
the interior angles of any polygon is equal to twice as 
many right angles as the figure has sides less [jmnus] 
four. 

M. — If the number of sides be three, four, five, six, 
seven, &c., what is the sum of the interior angles o. 
figures so constituted, respectively ? 

P, — Two, four, six, eight, ten, &c. right angles. 

M, — What relation have the numbers three, four, 
five, six, seven, &c. to each other ? 

P, — They form an arithmedccd series ; they are tlie 
natural numbers, beginning from three, in an discendmg 
order. 

M. — And, what relation have the numbers two, four, 
six, eight, ten, &c. to each other ? 

JP.^ They form, likewise, an arithmetical series. 

M, — Endeavour to express, in words, the relation 
which the sides and sum of the interior angles of poly- 
gons have to each other, when taken in such an order. 

P. — The sides form an arithmetical series whose 
common difference is one, and first. term three; and the 
respective sums of the interior angles form an arithme- 
tical series whose common ratio and first term is two. 
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M. — ^In a triangle, when each side is produced^ 
what is the sum of the three exterior angles ? 

P.—Four right angles. 

(Demonstrated before,) 

M. — Produce each of the sides of a quadrilateral 
figure; — a pentagon, — a hexagon — of any polygon ; 
and find the sum of the exterior angles. 

The pupils will find this sum to be, in every case^ 
equal to four right angles. 

Hence, if each of the sides of any rectilineal figure 
be produced, the sum of the exterior angles is equal to 
four right angles. 
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CHAPTER IL 

SECTION I. 

ONE CIRCLE — ONE AND TWO STRAIGHT LINES 

IN A CIRCLE. 

M, — State all you know of a circle. 

Let the pupils state what they remember of Lesson 
XI. [In trod.] ; and^ to facilitate their recollection^ let 
the sphere, cylinder, and cone^ be furesented to them. 

M, — By what means may a correct circle be de- 
scribed ? 

P> — By a pair of compasses, or by means of a 
string. 

The master has^ here^ a fit opportunity of making 
several observations on the use of the Mathematician's 
Compass in describing a cirde, and of instructing the 
pupils to draw circles without its assistance. 

M. — What is ihe fixed point called ? 

P. — The centre of the circle. 

M. — And^ what is the curved line called ? 

P4 — The circumference of the circle. 

M* — And^ what is the space bounded by the cir- 
cumference called ? 

P. — The area of the circle, or the circle. 

M. — What do you know respecting the position of the 
centre of a circle with regard to the circumference? 
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P. — The centfe of a circle is such, that all straight 
lines drawn from it to the circumference are eqtud 
to each other. 

M. — What are such lines called ? 

P. — Eadii of the circle; and one is called a Radius. 

M. — Can a circle have more than one centre ? 

P, — No ; for, then, there would be radii not equal 
to one another. 

M. — And, what is a straight line passing through 
the centre and terminated both ways by the circum- 
ference called ? 

P. — A diameter of the circle. 

M, — Compare the portions of a circle obtained by 
drawing a diameter. 

P, — They are equal to one another, and are called 
jeme- circles [Aa/^ircles] . 

M, — Compare, likewise, the portions of the circum- 
ference cut-off by a diameter. 

P. — They are, likewise, equal to one another. 

ilf.— These and other portions of the circumference 
are called arcs. When is an arc a ^eim-circumfer- 
ence? 

P' — When the straight line joining its extremities 
is a diameter. 

M. — Describe a circle, and draw, in it, any straight 
line terminated both ways by the circumference. 
In how many different ways can such a line be 
drawn ? 

P. — Either passing through the centre, or not 

M, — In a circle, a straight line, which is terminated 
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both ways by the circumfereDce, and which is not a 
diameter, is called a Chord. Compare a chord with 
a diameter. 
JP. — A chord is always less than a diameter. 




For, join c d and ce ; 

then */ any two sides of a triangle are together greater 

than the third side, 

/. erf + ce > dc. 

But cd •\- cfzi ahy the diameter of the circle ; 

.% ab^de. 

M. — From the centre erect a perpendicular on a 
chord ; and, then^ compare the segments of the chord. 




P.— The chord ab is bisected by the perpendicular 
cd. 

For, join ac, cb ; .*. A a c 6 is an isosceles A ; 
and, c d being perpendicular to a 5, 

adzz bd, 

3f. — Hence, if, from the centre, cd he drawn, bi- 
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sectiog the chord a by what are the angles which it 
makes with abf 

P, — Right angles: for^ then, ca:=:cbf and ad^z db^ 
and c cf is common ; .\ a aed:r: a cdb^ and .*. 
Z. cda zz Z cdb, 

M, — I thinks from the truth you have here demon- 
strated, you will be able to devise some method of 
finding the centre of a circle. 

P. — Yes ; for, it must be in the perpendicular which 
is drawn bisecting a chord ; thus: 




draw any chord a 5 in a circle, 

and let c d bisect a 6, and be perpendicular to it ; 

bisect cdmf: then/ must be the centre of the circle. 

M. — Find the different ways in which two straight 
lines may be drawn in a circle. 

[The pupils ascertain this.] Hie most important 
of the several cases are, 

1. When the two straight lines are diameters. 

M. — If two straight lines in a circle are diameters, 
where is their point of intersection ? 

P. — In the centre of the circle. 

M, — How may two diameters intersect each 
other? 
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P.-*-£ither at righjt angles, or not. 

M, — Compare the arcs intercepted by these diame- 
ters. 

P.~*They are equal to one another ; and each is 
one-fourth part of the circumference. 

itf.— Compare the arecu intercepted by the diame- 
ters and arcs. 

P. — They are equal to one another; and each is 
one-fourth part of the circle. 

M, — They are, on this account, called Quadrants. 
[fr. quadram, Lat] I^ then, an angle at the cen- 
tre of a circle is a right angle, what part of the cir- 
cumference is the arc which subtends it ? 

P, — One-fourth. 

M. — And, if the arc is not a fourth part of the cir- 
cumference, what must the angle which it subtends 
at the centre be ? 

P, — Either an oUu^ or an cunUe angle, according 
as the arc, which it subtends, is more or less than one- 
fourth of the circumference* 

M. — Compare the arcs and the areas intercepted 
by two diameters which do not intersect each other 
at right angles. 

P. — The opposite arcs and areas are equal to each 
other ; the 8ma|ler arcs subtend the equal acute angles, 
and the two greater arcs subtend the equal obtuse 
angles at the centre. 

M. — And, if the' acute angles be made greater or 
smaller, what will, consequently, be the case with 
the subtending arcs ? 
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P, — They will, consequently^ become greater or 
smaller also. 

M, — Hence, what relation exists between the arcs 
of a circle and the angles which they subtend at the 
centre ? 

P. — They increase or decrease according as the 
angles at the centre increase or decrease. 

M. — It is from this circumstance, that arcs are said 
to be the jneasures of the angles which they subtend 
at the centre. 

2. When two straight Unes in a circle are Twt dia- 
meters. 

3f, — When two straight lines in a circle are not to 
be diameters, in what two different ways can they be 
drawn ? 

P. — ^Intersecting one another, or, not intersecting 
one another. 

M. — If they do not intersect each other, when are 
they equal to each other ? 

P. — When they are equi-distant from the centre. 

M, — By what means would you measure the distance 
of a straight Une from a point ? 

P. — By a perpendicular drawn from the point to the 
line. 

M. — WhysLperpendtctUar 9 Could any other straight 
line serve the same purpose ? 

P, — No : for, from the point, any number of unequal 
straight lines may be drawn to a straight line, but 
only one perpendicular. 

M. — Then, demonstrate that chords which are equi> 
distant from the centre are equal to each other. 
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p. — From the centre c, draw the perpendiculars cfy 
eg ; and join cbj cd. 

Then -.* ab,de, are equi-distant from the centre, 
cf—cg; 

and c 5 =z c c?, as they are radii ; 
and, 6 /is one-half o£ab ; 
also, gd is one-half o£de. 
But, V Z. cfb is a rt. Z. ; 
.-. c b^ = c/^ + 6/^ ; 
similarly^ c c^'=.gd^ -i- c^^. 
But, cb^= cd' (because cb:=eel); 
••' cr + bf=gd» + cg\ 
But, c/* :^ eg' (because c/= c^) ; 
A 6/* = i?d», 
and, .•. bf'=.gd. 
But 6/ is one-half of a by 
and ^ <f is one-half o£de .; 
•*• a 5= c? e. 

J!f. — And^ when it is known that chords in a'circle 
are equal to each other, what inference must be drawn 
respecting their distances from' the centre ? 



168 



LESSONS ON FORM, BEING 



P. — Their distances must be equal : 
for^ \' ab zzde, and cfy eg are perpendiculars^ drawn 
to them from the centre, 
.\bfzzgdy 
and cbzz. cd ; 
... cp -^ bf^ zn eff" '\- 9 d" (2A before). 

and .'. cfzz eg; 

that is, the perpendiculars are equal ; and^ therefore^ 

the dujrds a b, de, are equi'distantfrom the centre. 

M. — And^ when are two chords not equal to each 
other ? 

P, — When they are at unequal distances from the 
centre. 

i 




For, if cf e be '^ ab, 
dg is > If. 

and dg" > bf ; 

.'.cpyeg"; 
that \&i cfy^cg. 

Hence, the chords are at unequal distances from 
the centre : and the lesser chord, a b, is farther from 
the centre than the greater chord, d e. 
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3. When two straight lines in a circle intersect 
each other. 

ilf.— If two chords in a circle intersect each other, 
where may their point of intersection be ? 

P. — ^Either in the circumference of the circle or 
within the circle. 

M. — In the former case, the angle made bj two 

chords meeting in the circumference is called the 

angle at the circumference — 

a 




[in contra-distinct ion to the angle hdczX, the centre]. 
What have the angles 5a c and hdcin common J 

P. — The arc h c subtending them both. 

M. — Hence, these angles are said to stand upon the 
same arc. Compare them. 

P. — The angle 6 deal the centre is greater than the 
angle bac at the circumference ; — ^it is doubk the 
angle at the circumference. 
For, join a d and produce it to e / 
then \' d a =: d b, 
^ dab ^ £ dba; 

and .'. the ext L edbxs double Z. dab. 
For a similar reason, /^ edc\& double Z ^^ ^ ; 
and .*. the whole Z. bdc is double /L b^c. 
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Z. cad; ) 

, > as preyiouslj. 



M. — ^In this figure^ the angle badhm ai^le at die 
circumference, and the ang^ bed, at the centre ; and 
thej stand upon the same arc 6 dl IsZ.6cd,liJ 
double L bad? 

P. — Yes. Join a c and produce it to e ; 
Z, eediB double Z. cad; 
also, Z. ecb is double 
.*. remaining Z, bed is double the remaining Z. b ad, 

Jf« — ^Hence^ when an angle at the circomference is 
one-half of a right angle, what is the angle at the 
centre, upon the same arc? 

Pi — Double one-half of a right angle, — that is, one 
right angle. 

M0 — And what part, therefore, of the whole cir- 
cumference is the arc upon which they stand ? 

P^ — One-fourth of the circumference. 

Ms — And, when an angle at the circumference is a 
right angle, what is the corresponding angle at the 
centre ? 

P4 — There can, in this case, be no angle at the 
centre ; because, no angle can be equal to double a 
rigJu angky or^ to two right angles. 
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M. — Now, what part of the circumference is^ the arc 
which subtends a right angle at the circumference ? 

P, — It must be a semi-circumference. 

M, — If, then, an angle at the circumference stands 
upon a semi-circumference, what must that angle 
be? 

■ 

P. — A right angle. 

Jf.— -Demonstrate that — When an angle at the cir- 
cumference stands upon a semi-circumference, it is a 
right angle. 




P. — If the arc a e 5 is a semi-circumference, a b 
passes through the centre c. Join c d: 
then V cdzn ca, and cdzz. cb, 
Z. cdaiz Z. cady and Z. cdbzz. L cbd; 
and .*. whole /. adhzn /^scad -{• cbd, 
Now^ if one of the angles of a triangle is equal to the 
sum of the other two, it is a right angle ; 

.% Z. arfft is a rt. Z.- 
M. — And, if it be known that an arc is less than a 
semi-circumference^ what must be concluded with re- 
spect to the angle which it subtends at the circum- 
ference ? 

i2 



I 
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P, — It must be less than a right angle ; it must be 
an acute angle. 

ilf. — Demonstrate this. 

P, — V the arc a<f 6 is a semi-circumference^ 
•*. the 2ixcdb is less than a semi-circumference. 
But, in A adby Z. adbis a, rt. /, ; 
.*. Z. dab is less than a rt. Z. • 

M. — And, if the arc be greater than a semi-circum- 
ference — ? 

P. — ^The angle which it subtends at the circum- 
ference must be greater than a right angle ; it must 
be obtuse. 

For, '.* the arc a & is a semi-circumference, 
.'. the arc baeis greater than a semi-circumference. 
But L adbi%2^Tt, jL \ 
.\Ltdbytt. Lt 
i.e. Z. e<^6 is an obtuse angle. 

M, — There is an important truth dependent on 
the relation of angles at the centre and angles at the 
circumference, upon the same arc. At the centre^ 
can there be several angles which stand upon the 
same arc ? 

/>.— No. 

M. — ^But, can the same arc subtend several angles 
at the circumference ? 

jP. — Yes, — an indefinite number. 

M. — And, what may be concluded respecting 
them? 

P. — They must all be tquaL 
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Join cbf cd; 

•% Z. bed, 9Lt the centre c, 

18 double of each of £s bad, bed^ and bfd ; 

and A Z. badz=. ^ bed=: bfd. 

M. — Look at the figure you have adopted^ in de- 
monstrating this truth. What part of the circum- 
ference is the arc b df — ^what kind of angles are bad, 
bedy bfdf — Now, show that angles which stand 
on arcs greater than the semi-circumference are, like- 
wise equal to each other. 




P, ••• arc a rf > semi-circumference, 
.•• arc abed^ semi-circumference ; 
and ,\ /. bae=i A bde (as before). 
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But L afb = Z. dfe, inasmuch as thcj are ver- 
tical Z.8; 

/. in AS a 5^ dfcy there are 2 Z. s of the one ^ 2 Z. s 
of the Other, each to each ; 
.*. rem. abd:^ rem. /_ aed. 

M. — ^We have now arrived at the last case, — 
" when the point of intersection of two chords falls 
within the circle." If the point of intersection is in 
the centre, what^ then^ are the chords ? 

P. — ^Diameters of the circle. 

ilf. — And, if we conceive rectangles formed by 
their segments, what conclusion must necessarily fol- 
low respecting them ? 

P. — Such rectangles are squares, and are equal to 
each other. 

Mm — But, if the point of intersection be not the 
centre, are the segments^ then, equal to each other ? 

P.-No. 




Join cf: 
then, ifbfzzfa^ 
L cfb is a rt Z ; 
and if e/n/c?, 
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Lcfe\% likewise a rt. Z! ; 

and /. L cfh = I, cfcy 

which is impossible : 

.*. a h and ed dio not bisect each other. 

M. — Again^ if the point of intersection is not the 
centre of the circle, are^ then^ the rectangles contained 
by their segments equal to each other ? 




P. — ^Yes : the rectangle contained by a e, e b, is 
equal to the rectangle contained by ce,€d. 
Join a c and db : 

.\ Z, acd^z Z. abd^Bs they are on the same arc ad ; 
similarly^ Z. eabzz /_ cdb, 
and Z.ceazzZ.b€dyas they are vertical Z. s : 
•% A A € c is similar to a bed ^ 
and .\ae : ed :i ec : eb; 
and, hence, ae x eb=^ed x ec, 
that is, rectangle acyebss rectangle edy ec, 

M. — There is a particular case depending on this 
truth. — ^Let one of the two straight lines be a diameter, 
and the other a chord at . right angles to it : find 
how the truths you have demonstrated, is then 
modified. 
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P. — The rectangle ae^ebzz rectangle ce^ed. 
But cezz, edy because a 6 is at right angles to cd; 
.*. rectangle ce^ edzz e^ ox d^ ; 
and .«. rectangle atyeh-^ie^, 

M, — Express this truth in words. 

P. — If^ from a point in the circumference of a 
circle, a perpendicular be drawn to the diameter, the 
rectangle contained by the segments of the diameter 
is equal to the square of the perpendiculai^. 



SUBSTANCE OF SECTION I. 

1. A circle has only one centre. 

2. A diameter is the longest straight line that can 
be drawn in a circle. 

3. An arc of a circle is a portion of its circum^ 
ference. 

4. The straight line joining the extremities of an 
arc is called a chord. 

5. A perpendicular drawn from the centre to a chord 
bisects the chord. 

6. If a chord be bisected, the straight line joining 
the point of bisection and the centre of the circle is 
perpendicular to the chord. 
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7. Arcs are the measures of tbe angles which they 
subtend at the centre. 

8. Chords which are equi-distant from the centre of 
a circle are equal to each other. 

9. Equal chords, in a circle, are equi-distant from 
the centre. 

10. Chords, in a circle, which are not equi-distant 
from the centre are not equal to each other, and the 
lesser chord is farther from the centre than the greater 
chord. 

lU The angle at the centre of a circle is double 
the angle at the circumference, upon the same arc. 

12. At the circumference, an angle which stands 
upon a semi-circumference is a right angle. 

13. At the circumference, an angle which stands 
upon an arc less than a semi-circumference is an acute 
angle; and that which stands upon an arc greater 
than a semi-circumference is an obtuse angle. 

14. At the circumference, angles which stand upon 
the same arc are equal to each other. , 

15. In a circle, if two chords intersect each other, 
the rectangle contained by the segments of the one is 
equal to the rectangle contained by the segments of 
the other. 

16. If, from any point in the circumference, a per- 
pendicular be drawn to a diameter, the rectangle 
contained by the segments of the diameter is equal to 
the square of the perpendicular. 
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SECTION n. 
mux An uomm Mnigki timet a a 



JT — If, from an J point in a drde, three straig^ 
lines be drawn to the arcmnferenoe, wbat wfll remit 
from com par ing them ? 

P^ — ^Nothii^ definite can be said of them, except 
when the point is the centre. 

3f4 — ^Buty if one of the three strai^t lines passes 
through the centre — ? 

P. — ^Tbe straight line which passes thimigh die 
centre is the greatest of the three. 

Let ab pass through the centre e ; ab shall be 
greater than ad or ae. 




Join cdyce: 

then, *.- c is the centre of the circle^ 

cb^cd^^ ce. 

But ac + cd^ad; 

•%ac -^-cb^ad; 

that is^ab^ ad. 

Similarly, ab'^ ae ; 

•*• a 6 IB the greatest straight line. 
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[In such cases^ of course^ the term '^greatest" 
refers to length solely.^ 

ilfw— -Nowj compare the other two lines^ a d and a e, 

P. ad is greater than ae; 
V a c and cdssac and c e, each to each. 
But Z. acd^ L ace; 
•\ ad^ae. 

Mm — Express this in words. 

jP. — Of three straight lines that can be drawn from 
anj point in a circle to the circumference, whereof 
one passes through the centre^ the greatest is that 
through the centre ; and the one that is nearer to that 
which passes through the centre is greater than the 
one more remote. ' 

M. — ^But, can there be drawn two equod straight 
lines from the point a to the circumference ? 

P. — Yes : one on each side of a h, — that is, one cm 
each side of the greatest line. 




Make Ldcb^ss^ L ^cby 
and join a d and ae: 
,\aCfCd=£aCfC e, each to each^ 
and Z. acdss /. ace; 
.% base ad^s^ base a e. 
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M4 — Can there be drawn, fVom the point to the cir- 
cumference, a third line which shall be equal to ad 
or aef 

P, — No ; because it has been proved^ that any line 
which is nearer to a b^ is greater than one that is more 
remote : and, therefore, any line drawn on either side 
o£ab must be less or greater than ad or a e>. 

M. — How many equal straight lines can be drawn 
from the point a to the circumference ? 

P, — Only two single lines ; but as many pairs of 
equal lines as you please. 

M, — ^Let us suppose, then, that three lines, from a 
certain point to the circumference, are equal to each 
other, — where must that point be in the circle ? 

P. — It must be the centre of the circle. 

JIf.— Then, how many equal lines, at least, are re- 
quired to determine whether a certain point is the 
centre of a circle ? 

P. — At least, three equal straight lines to the cir- 
cumference. 

M. — Now, draw three straight lines, in all possible 
ways, in a circle ; and find what results arise from the 
investigation of each case. 

P, — 1. Three straight lines in a circle may all be 
diameters, or all radii. 

If they are diameters, no particular truth arises 
from the circumstance. 

If they are radii, the angles which they make at the 
centre may be equal to each other, or they may not. 

If the angles at the centre are equal, the arcs which 
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subtend them must be equals (since arcs are the mea- 
sures of angles at the centre,) and the straight lines 
which join the extremities of the radii are equal. 




For, A cab evidently = ^ cbd; 
and ,\ ab s^bd, 

M, — Hence, chords which cut-ofF equal arcs of a 
circle must be ? 

P, — Equal to each other. 

M. — And, equal chords in a circle must cut-off ? 

P. — Equal arcs. 

But, if the angles at the centre are not equal to each 
other, the corresponding arcs are not equal to each 
other ; nor are the lines which join their extremities 
equal to each other and the greater line is that which 
subtends the greater angle* 

2. Of three straight lines in a circle, two may be 
radii, and the third a diameter. 
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each of them = ^ of a rt. Z. ; 

.•. ZJ^cad + c^a = |>rt. ^l- 

But ^cadrs, ^cda; 

.% each of 218 cad^ cdo = f rt. ^: 

hence, ^acdhs equiangular, 

and •*•, also, equilateral, 

and ca = cd^=ad. 

But A acd=s Adce ^ Aeeb ; 

••• ad:=de = eb. 

3. Of three straight lines in a circle^ two may be 
diameters, and the third a radius. 

No particular truth arises from this case. 

4. They may be chords. 

These^ if equal to each other, are equi-distant from 
the centre. 

And^ if equi-distant from the centre, they are equal 
to each other. 

Two of them may be equal to each other ; the 
third, then, is not equi-distant, with them, from the 
centre. 

They may be all parallel, or two only may be pa- 
rallel with each other. 

No particular truth arises from this case, unless 
a perpendicular be drawn, from the centre, upon one 
of them; it is, likewise, perpendicular to each of 
them, and bisects each of them. 

5. Three straight lines in a circle may intersect 
each other. 

Their point of intersection may be within the circle 
or in the circumference. 
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If it is within the circle^ and the lines are equal to 
each Other, the point of intersection is the centre. 
(This has already been shown.) 

If the lines are not equal to each other, the rect- 
angles contained by the segments of each are equal to 
each other. 




For, the rectangle ag^gh = rectangle cgy gd ; 

also, rectangle ag^gh = rectangle eg^ gf: 

.*. rectangle ag^ gh =z rectangle cgy gd^ rectangle 

If they are in the circumference, and the angles 
which they make are equal to each other, the arcs 
which subtend them are^ likewise, equal to each 
other. 



a 




For, let ^ 6 arf = ^ dae: 
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.\ ^bcdss ^ dce^ — as ^s at the centre ; 
and •*. arc hd=. arc de. 

6. They may intersect each other in two pmnts. 
Nothing determinate can be said of them^ in this 

case^ wiless more is known. 

7. They may intersect in three points, and form a 
triangle. 

That triangle may be right-angled, obtuse-angled, 
or acute-angled. 

M* — ^Where are the angular extremities of such a 
triangle ? 

P. — ^In the circumference. 

Jf.— -A triangle, or any other figure, of which all the 
angles are in the circumference of a circle, is said to be 
inscribed in the circle. Where is the centre of the 
circle, when the inscribed triangle is right-angled ? 

P.— -In the intermediate or middle point of the side 
which subtends the right angle ; because every right 
angle at the circumference is subtended by a semi- 
circumference, and the line which joins the extremities 
of a semi-circumference is a diameter. 

M. — Endeavour to demonstrate this, by means of 
auxiliary lines. 
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P.— Let ^6ocbeart^; 
bisect 6 c in d: 

the point d shall be the centre of the circle. 
Draw de, rf/at rt ^s to a 6, a c, respectively, 
and join da: 

then *.' de is at rU ^b to a b^ 
,; ae =ibey 

and de is common to ^%deby dea; 
,*• dh ^sidcu 

In the same way^ it may be shown that 
da = dc ; 
,\db =s da=z dc; 
and .*. d is the centre of the circle. ' 

Jf. — ^But, when the inscribed triangle is obtuse or 
acute, where is the centre ? 

P. — When it is obtuse, the centre of the circle must 
be without the triangle^ beyond the side which sub- 
tends the obtuse angle; because an obtuse angle is sub- 
tended by an arc which is greater than a semi-cir- 
cumference. 

If it is an acute-angled triangle, the centre of the 
circle is within the triangle. 

M, — Yes : and, when the inscribed triangle is equi- 
lateral, where is the centre of the circle ? 

P. — ^In the centre of the triangle ; because^ since 
the sides are equal, they are equi-distant from the 
centre. 



The pupils may^ now, be left to draw four straight 
lines in a circle. The truths, arising from their vari- 
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0U8 combinations^ will afibrd the means of recapitulat- 
ing most of those positions which have before been 
established, and which need, here, no repetition. 
Those which are of chief importance, however, are 
the following. 

M, — If four chords be drawn so as to join the ex- 
tremities of two diameters, what may be said of 
them. 

P. — The opposite chords are equal to each other ; 
and, therefore, they form a parallelogram. 




For, coycb^cdyce^ each to each, 

and ^acbz= j^dce; 

,\ab = de; 

similarly, ad=s be. 

But, if the opposite sides of a quadrilateral figure are 

equal to each other, the figure is a parallelogram ; 

.'.abedisB, parallelogram. 

M. — And, when will the inscribed quadrilateral 
figure be a square ? 

P.— When the diameters cut each other at right 
angles. 
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For, then ab^bd ; 

and ,\abedh equilateral. 

But z, bad is & rU ^ [because it is subtended by the 

semi-circumference bed^ ; 

.', a bde 18 rectangular, 

and .*. a eb d is a, square. 

M, — ^Draw any four chords in a circle, so as to 
form a quadrilateral figure, and determine what may 
be said of the sum of the opposite angles. 

P, — The sum of the opposite angles of any qua- 
drilateral figure, inscribed in a circle, is equal to two 
right angles. ' 
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Join ac and bd: 

then V j^s cad, cbd are upon the same arc c d, 

j^ cad=s j^chd ; 

for a similar reason, Z,bac =s ^bdc; 

.*. whole ^ bad= /j& cbd + bdc. 

To each of these equals add j^bcd ; 

.'. ^s bad -\- bcdss ^g cbd -\- bdc + bed. 

But ^scbd + bdc-\-bcd=s2Tt.^s; 

.'. ^s b ad -\- b c d =z 2 rU Z,s ; 

and, V all the angles of the figure abed =z 4rt.2l89 

.'. j^sabc -\- adc z=2 rU ^s. 

M. — ^Then, what are the only quadrilateral figures 
which may be inscribed in a circle ? 

P. — A square ; a rectangle ; and a trapezium, 
whose opposite angles are together equal to two right 
angles. 

The pupils are, now^ required to draw^t7e, six, seven, 
Sfc, chords in a circle. These combinations, however, 
offer no important results which can be adequately ap- 
preciated by them, at this stage of their geometrical 
knowledge. From this general remark may be ex- 
cepted, however, the particular case of an inscribed 
equilateral and equiangular hexagon, — each side of 
which is equal to the radius of the circle ; whence 
the truth, that, the radius of a circle may be appUed six 
times, exactly, to the circumference. — The demonstration 
of this being easy, will be readily discovered by the 
pupils. 
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SUBSTANCE OF SECTION II. 

1. If, from a point in a circle, there can be drawn 
more than two equal straight lines to the circum- 
ference, that point is the centre of the circle. 

2. Of all straight lines that can be drawn from a 
point in a circle to the circumference, the greatest is 
that which passes through the centre. 

3. And, of the others, that which is nearer to the 
one in which the centre is, is greater than any one 
more remote. 

4. And, from the same point, only pairs of equal 
straight lines can be drawn to the circumference* 

5. Chords which cut-off equal arcs are equal to 
each other. 

6. If chords are parallel, a perpendicular drawn from 
the centre to one of them, when produced to their cir- 
cumference, is perpendicular to each of them, and it 
bisects them. 

7. When angles at the circumference are equal to 
each other, the arcs upon which they stand are, like- 
wise, equal to each other. 

8. A figure is said to be inscribed in a circle, when 
all its angular extremities are in the x;ircumference of 
the circle. 

9. If a right-angled triangle be inscribed in a cirde^ 
the intermediate or middle point of the side which 
subtends the right angle is the centre of the circle. 

10. If an obtuse-angled triangle be inscribed in 
a circle, the centre of the circle is without the 
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triangle, beyond the side which subtends the obtuse 
angle. 

11. When an acute-angled triangle is inscribed in 
a circle, the centre of the circle is within the tri- 
angle. 

12. When an equilateral triangle is inscribed in a 
circle, the centre of the circle is, likewise, the centre 
of the triangle. 

13. The four straight lines which join the extrem- 
ities of two diameters^ in a circle, form a rectangular 
parallelogram. 

14. If two diameters intersect each other at right 
angles, the four straight lines joining their extrem- 
ities form a square. 

15. The opposite angles of any quadrilateral figure 
inscribed in a circle are together equal to two right 
angles. 

16. A square, — a rectangle^ — and a trapezium of 
which the opposite angles are together equal to two 
right angles,—- -are the only quadrilateral figures which 
can be inscribed in a circle^ 

17. If an equilateral and equiangular hexagon is 
inscribed in a circle, each of its sides is equal to the 
radius of the circle. 

18. Hence^ the radius of any circle may be applied 
sisc times to the circumference. 
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SECTION III. 
LINES without A CIRCLE — TANGENTS. 

The object of this section is the investigation of 
such truths as arise from the relations of straight lines 
without a circle. The method of proceeding is here, 
likewise^ closely similar to that which has been ob- 
served in the preceding sections. 

A point is^ firsts assumed without the circle, from 
which straight lines are drawn so as to intersect the 
circle. 

Next, — one tangent is drawn^ and the angles^ which 
a diameter^ drawn to the pomt of contact^ makes with 
it are investigated. 

Two tangents, three tangents, &c. are, then, drawn 
in succession, and the nature of the circumscribing 
figures is investigated. 



M, — When is a point without a circle ? 

P, — When its distance from the centre is greater 
than that measured by a radius. 

Ml- — If, from a point without a circle, it be requir- 
ed to draw a straight line to the circle, — ^find in how 
many different ways this can be done. 

P, — A straight line, so drawn, may cut the circle ; 
or, it may only meet the circle ; 
or, it may touch the circle ; 
or, it may neither cut it, meet it, nor touch it. 

M. — If a straight line is drawn so as to cut a circle^ 
— determine in what manner it may cut it. 
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P, — ^It may either pass through the centre, or not 
pass through the centre. 

M. — If, from the same point, two lines be drawn 
.80 as to cut the circle, in what manner may they cut 
it? 

P4 — One of them may pass through the centre, and 
the other may not pass through it; or^ neither of 
them may pass through it. 

M4 — Compare two such lines, in each case. 

P. — ^If one of them passes through the centre, 
it is greater than the one which does not pass 
through the centre. 

Let a b pass through the centre c, and a d cut the 
circle ; ah shall be greater than ad. 




Join dc ; 
.\dc-\-ca^ ad: 

but </£?= cb ; 
.\ab^ad. 

And, if two straight lines be drawn from the point 
a, they may be equal to each other, or they may not 
be equal to each other ; 
ac^is equal toae, 
when j^deb^s j^ecbf 
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•/ then, /_dcd'=. /_ecay 

and dc^ ca^^ec, c a^ each to each ; 

.*. a <f = a e. 

M, — Hence, of all straight lines which can be 
drawn from the point a so as to cut the circle, what 
will be the greatest ? 

-P. — The one which passes through the centre ; and 
of the others, that which is nearer to the one in which 
is the centre, will be greater than one more remote. 
Also, only "two equal straight lines can be drawn 
from the same point so as to cut the circle, one on 
each side of the greatest line. 

Ohs. — The demonstration of these positions being 
similar to the analogous casfe in the preceding section, 
it is unnecessary to repeat it here. The pupilsy how- 
ever, must demonstrate what they have stated above, 
— and, indeed, should cdways be required to demon- 
strate whatever admits of demonstration. 

M» — ^When do you consider a straight line as meet- 
ing, and when as touching, a circle ? 

P, — A straight line touches a circle when it meets 
the circumference, and, being produced, does not cut 
it. 

M, — Compare straight lines drawn, from the same 
point, to meet the circle. 

P, — That is the least line which, when produced, 
passes through the centre of the circle; and of the 
others, that which is farther from the le<ist line is 
always greater than one more contiguous to it. 

K 
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Of the Straight lines ag^ a e, let ag^ produced, pass 

through the centre c, and 

join cdf ed: 

then \' cd -\- da^ coy 

and cd =s eg, 

.*. remainder ag ^^ad; 

that is, the one which^ when produced, passes through 

the centre, is less than one which, when produced, 

does not pass through the centre : 

.'. agis the least. 

Again, -.* ^ is a point in a aec, 

,\ae + ec^ ad -\- dc; 

but ec r=dc ; 

•\ ae ^ ad ; 

that is, a line which is farther from the least line is 

greater than one nearer to it. 

Abo, if ^ rfc a = ^fca, 

ad = af; 

\' A adc =i A afc. 

Hence, only a pair of equal straight lines can be drawn 

from the same point so as to meet the circle, one on 

side of the least line. 
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inf.— When a straight line touches a circle, it is 
called a tangent ; and the point in which it touches 
the circumference is called the point of contact. 

From the point of contact dtaw a straight line# so 
as to cut the circle, and determine the angles it makes 
with a tangent. 

P. — A straight line from the point of contact either 
passes through the centre of the circle, or it does not 
pass through the centre. If it passes through the 
centre, it is at right angles to the tangent; 




did 

For, if a is the point of contact, any straight lines, 
cby cd, from the centre are always greater than ea: 
.*. cais the least line which can be drawn from a point 
to a straight line ; 

.'. ca is at rt ^s to ab* 

ilf.— But, could not another point, b for instance, be 
likewise in the circumference of the circle ? 

P. — No : for, then, a b would cut the cfrcle, and, 
therefore, not be a tangent. 

M. — Can you show, that a straight line joining 

any two points in the circumference of a circle is 

loithin the circle ? 

k2 
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LetOy &ybe jnjtwopointeintliecirciBiifaenoe: the 
straigjit line jobmig diem is wiMrn the drde. 

From Cj the centre, draw e d wt tU l_% Xoab, and 
join eb; 

.'.cb^ ed (becaose it subtends a it* Z.)» 
and •*. the point d is within the drde : 
bat the point <f is in the straight line a b; 
.*. the points a, &» are in the same line with d, 
and .-. a & is mbtes the drde. 

M0 — ^Hence, what maj be said of a tai^ent ? 

P* — A tangent toudies a drde in one point only ; 
and the straight line from the centre to the point of 
contact is at ri^t angles to the tangent. 

Ms — ^Ify then, the angle whi^ a straight line firom 
the centre makes with another line meeting the cir- 
cle is not a rig^t ang^ what must be omduded ? 

P* — That the straight line which meets the drde 
is not a tangent, and that, bdng produced, it must, 
therefore, cut the drde. 

M4 — ^Now, investigate the angles which a straight 
line from the point of contact makes with the tangent, 
when it does not pass through the centre. 
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Let abbe a tangent, 
d the point of contact, 

' andde a straight line, not passing through the centre c: 
^edh -n ^ upon the arc dg e, 
and /_eda'=i L upon the arc dfe. 
Draw dcf^ and joiny*c y 
in the arc d e take any point, g, 
and join dg^ ge; 
•*• Z/^^ is a rt. ^. 

But ^def 18 art, Z.9 it being ^ upon the semi-cir- 
cuinference/J; 
.'. Z.fdb= Z,def: 
and ^ defzz. /j& efd -f ec?/; 
.-. Z^fdh •=. /J&efd + erf/ 
.\ /_sfde '\- edbz^ /_%efd + edfi 
and .% ^edb=: Z. ^/^> upon the arc rf^ c. 
Again, ••• opposite ^s c/c? -f rf^e = 2 rt. ^s, 
.•. ^s erfa H- edb=, /J>^fd + rf^«.* 
but, ^edb^L /_ efd ; 
.*. /^edaiz, Z^dgCi upon the arc rf/e. 
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-Sf.— Express this truth in words. 

P — If, from the point of contact, a straight line be 
drawn so as to cut the circle, the angles which this line 
makes with the tangent are equal to the angles upon 
the adjacent arcs. 

M. — You said that, a straight line from the point 
of contact either passes through the centre or it does 
not ; but, cannot a straight line be drawn between the 
tangent and the circumference ? 

P.— No. 




For, ^ c a 6 is a rt. ^ ; 

.*. ^ c ad is not a rt. ^ ; 

and .*. adv& not a tangent. 

Hence, a d must cut the circumference. 

M. — Consequently, how many tangents can be 
drawn from the same point without a circle ? 

P. — Only two tangents, one upon each side of the 
straight line which passes, from the point, through the 
centre. 

M. — Draw these, and compare them. 

P — They are equal to each other. 
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Join cby cd: 

.'. ^iscio, cda are rt. ^s, 

and ^'.ca^ -^.cb^ + ab^=: cd^ + ad*; 

.•. ab' ^z ad^, and .\a bz=. ad» 

M. — There is another interesting truth respecting 
a tangent, connected with those you have already 
ascertained. I will assist you in discovering it. 




Let a 6 be a tangent, and 
ad 2l straight line cutting the circle in e ; 
join d b and e b. 
Compare the as adb, a eb. 
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P. — A adbis similar to ^ a eh. 
For, ••• b e cuts the circle, 
,\ /^ahe-sss. /^adhy upon the arc he; 
and ^ bad 18 common to the two a s : 
.•. ^bea ^ ^abd ; 
.*. A a e 6 is similar to a abd. 

M. — And, what are the homologous sides, in these 
triangles ? 

P. — a e, a 6, and e b, are homologous to a b, ad, and 
db, respectively. 

M. — What proportion results from the first pair of 
these homologous sides ? 

P. ae :ab::ab : ad. 

M. — And what equality, therefore, exists between 
the rectangles contained by the extremes and means 
of their proportion ? 

P. — The rectangle ae, ad= rectangle ab, a d, — 
that is, rectangle ae, ad = ab*. 

M. — Express this equality in words. 

P, — If, from a point without a circle, two straight 
lines be drawn, whereof one is a tangent and the other 
cuts the circle, the rectangle contained by the line 
which cuts the circle and by the part of it without the 
circle is equal to the square of the tangent 

M. — If, then, from the same point without a circle, 
several straight lines be drawn cutting the circle, 
what may be said of the rectangles contained by each 
of them and by its corresponding segment without the 
circle ? 

P. — They are equal to each other. 
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Draw a e, a tangent : 

.*- rectangle a b, af'= a e^ ; 

and rectangle a c, a ^ = o c^ ; 

and rectangle ad, ah^^ ae^ : 

.'. these rectangles are equal to each other. 

• M. — If two tangents be drawn, nU from the same 
point without a circle, ascertain the manner in which 
they may be drawn. 

P. — ^They may be drawn either parallel to each 
other, or not. 

If they are parallel, the straight line which joins 
their points of contact passes through the centre of 
the circle. /j 




K o 
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Let a 6 be parallel to df; 

from c, the centre^ draw c g^ to the point of contact ; and 
produce ^ c to ^, a point in the tangent df: 
then, •/ ^ eg b 18 B, rt. ^, 
and, *.« a 6 is parallel to df, 
.'. ^ c hf 18 likewise a rt. ^ : 

, and /. the point h is the point of contact of the tan- 
gent df. 

When the tangents are not parallel, they meet if 
produced, and the parts of them between the points of 
contact and their common point of intersection are 
equal to each other. (As before.) 

M. — Now, determine the manner in which three 
tangents, from three different points, may be drawn to 
the circle ; and ascertain the truths which result frona 
their different relations. 

P. — Only two of them may be parallel, — the third 
not being so. 

In that case, 




a e -f. cf= af; 

•.• ae =ieb, and cf=fb, 

Also, Z. a i c is a rt. Z. ; 
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because a straight line joining the points, a, c, is a dia- 
meter : 

/• the arc ac is a, semi-circumference ; 
and .*. ^ abe is a, right angle. 




M, — But, if J is the centre of the circle, what kind 
of angle is Z. e df? 

P. — It is a right angle. 
Join ac and db: 

then, *.* ac and cf are tangents^ and parallel to each 
other ; 

.*. a c passes through the centre d; 
also *.* ae =:eb, and deis common to as a ed, bed, 
the rt. ^dae =^ rU ^dbe; 
.•. A aed= A bed, and .•. ^edb ss ^ eda; 
similarly, Z^fdb^=. Z^fdc; 
and, .•. whole Z^edf-=^ /js eda -{-'fdc: 
.% /_ e df^=. \ of 2 rt. /js = one rt. ^. 

If they are not parallel to each other, they will 
form a triangle, when produced. 

i!f. — How would you distinguish, in words, a tri- 
angle formed by tangents drawn to the circle, from a 
triangle formed by chords in the circle. 
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P. — ^I would say that, the former is circumgenbed^ 
or, described, about the circle; that the latter is tit- 
scribed in the circle. 



This paragraph, it is hoped, will suffice to show how 
pupils may be induced to continue their investiga- 
tions of the various mutual relations of three, four, &c 
tangents. The results of such inquiries are, at this 
stage, important so far only as they serve as means of 
imprinting, permanently, on their memory those geo- 
metrical truths which they have pre-established, with- 
out encumbering it with an additional weight. The 
investigation of the mutual relations of circumscribed 
and inscribed figures is, for learners so young, frequent^ 
ly too prolix, and, therefore, not of a kind that may be 
continued with sustained interest Far more impor- 
tant, moreover, are the truths resulting from a com- 
bination of several circles, — the study of which is, 
the method of constructing Rectilinear Figures. 

SUBSTANCE OF SECTION III. 

1. If, from a point without a circle, straight lines be 
drawn cutting the circle, the greatest is that which 
passes through the centre; and of the others, that 
which is nearer to the one in which is the centre, is 
less than one more remote. 

2. Also, a pair of equal straight lines may be drawn 
to a circle from the same point without the circle, one 
on each side of the greatest line. 

3. If, from a point without a circle, straight lines be 
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drawn to meet the circumference, the least is that 
which, when produced, passes through the centre; 
and of the others, that which Is farther from the least 
line is greater than one nearer to it. 

4. The straight line joining the centre of a cir- 
cle and the point of contact of a tangent is* at right 
angles to the tangent. , 

5. The straight line joining any two points in 
the circumference of a circle is within the circle. 

6. A tangent touches a circle in one point only. 

7. If, from the point of contact of a tangent, a 
straight line be drawn cutting the circle, the angles 
which it makes with the tangent are equal to the angles 
upon the adjacent arcs. 

8. From the point of contact of a tangent, no straight 
line can be drawn between the tangent and the cir- 
cumference which does not cut the circle. 

9. Two tangents from the same point, without a 
circle, are equal to each other. 

10. If, from a point without a circle, two straight 
lines be drawn whereof one is a tangent and the other 
cuts the circle, the rectangle contained by the line 
which cuts the circle and by the part of it without 
the circle is equal to the square of the tangent. 

11. If, from the same point without a circle, several 
straight lines are drawn cutting the circle^ the rect- 
angles contained by each of them and by its correspond- 
ing part without the circle are equal, to each other. 

12. If two tangents are parallel to each other, the 
straight line joining their points of contact passes 
through the centre. 
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SECTION IV. 
TWO CIRCLES. 

The object of this paragraph is the investigation of 
such truths as arise from the various combinatioiis of 
two circles. 

The order in which the branches of this subject 
naturally present themselves to the contempladoD of 
the mind is the following: first^-too circles Umckmg 
each other ; next, two circles as intersecting each other ; 
and, thirdly, the results of these investigations as appii- 
cabUj in combination with those of the preceding 
paragraphs, to the solution of problems. 

M4 — ^What may be said of the equality of two circles, 
generally ? 

P. — ^Two circles may be either equal to each other, 
or they may not be equal to each other. 

M4 — Ascertain the various ways in which two equal 
circles may be applied to each other. 

P. — The centre of the one may be put upon the cen- 
tre of the other ; and then, because the circles are equal 
to each other, their circumferences must coincide. 

If the centre of one of the circles be not put upon 
the centre of the other, their circumferences may cut 
each other, or touch each other, or, neither cut nor 
touch each other. 

If two circles cut each other, they cannot cut each 
othar in more Uian two points. 
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Let c be the centre of the circles adb, bea; and let 
Gy by be two points of intersection : 
/. ca^zcby and, from c, no other straight line equal to 
c a or cb can be drawn to the circumference of the 
circle aeby unless the point c is^ likewise, the centre 
of the circle aeb. 

If two circles touch each other, they can have only 
one point of contact. 

^ fc 




a d 

Let 6 be a point of contact of the circles a be and 

bed; 

draw bf to the centre, 
and bh 2LtTU ^s to bfy 
and produce/i; 
.'. Z. 8 ^ bfand h bg are rt. ^is, 
and /. bg passes through the centre of the circled /i e. 
And, these circles cannot have another point of con- 
tact besides the point b ; because /A -{-kgis greater 
than/^. 
From this it follows, that, if two circles touch each * 
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Other externaUj, the straight line joining their cen- 
tres passes through the point of contact. 

If two unequal circles neither cut nor intersect each 
other, they may be so placed that the centre of the 
one shall be upon the centre of the other.^ 




M. Well, — such circles are called concentric circles. 

P^ — Or, they may be so placed that their centres are 
not the one upon the other. 

If two unequal circles touch each other internally, 
they can have only one point of contact. 




Let a be a point of contact ; 

* Here and in other places, copious answers or statements are 
set-down as flowing, apparently, from one question, though actually, 
perhaps, resulting from several queries, hints, and helps, — the inser- 
tion of which would, to the discerning and competent instructor, be 
both tedious and useless. 
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draw ac to the centre of the circle a dfy 
draw a 5 at right angles to a c, 
and produce ac : , 

then •/ ^bacisB, rt. ^l* 
.*. b a touches the circles afd and o e^, 
and .*. a Cy produced, passes, likewise, through the cen- 
tre, hy of the circle a eg. 

Moreover, these circles cannot have another point of 
contact besides the point a; for, a straight line drawn 
from any other point k, in a b, through c, cannot like- 
wise pass through the point m. 

Hence it follows, that, if two circles touch each 
other internally, the straight line joining their centres 
passes through the point of contact. 

Obs, — Most of the preceding truths may be consi- 
dered almost as axioms; and, like all axioms, they 
may be clearly established, by assuming the contrary 
to be true, and, then, showing the absurdity result- 
ing from the supposition. In order to show, for in- 
stance, that two circles, which cut each other, can- 
not cut each other in more than two points, the con- 
trary may be assumed, — namely, 

/ 
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that the ciicuBife rence abee earn cut the carcoir 
femoce ahef m more than tiro point% — ina, bj c 

Let d he the centre of the drde a 6cr/^ 
and join i/a, i/&» if e / 
m\dazzdb zzde^ 

and •% the point d ii, likewise, the centre of the cirde 
abee : 

hut, two drdes which cut eaek oiker cannot have the 
tame centre; 

therefivrcy the assumption (that two circles cam, cat 
each other in more than two points,) is erroneous ; 
and, since it is an error to assume any number of 
points exc^ two, it follows, that two circles can cut 
each other in two points only. 

It may be, here, remarked that, as an Mteful exer- 
else, the master should require the pupils, to draw 
lines, in certain directions, in circles which inter- 
sect or touch each other, and, then, to discover such 
truths as necessarily follow therefrom. 

An exercise of greater importance, however, is the 
application of the properties of the circle to the con- 
struction of rectilineal figures. The best course of 
proceeding, in this and every case, is that in which the 
subject naturaUy presents itself, of which the follow- 
ing outlines are offered for the guidance of the master. 

I. STRAIGHT LINES. 

It is required, 

1. To draw a straight line equal to a given straight 
line. 

2. To draw two, three, four, &c. straight lines equal 
to a given straight line. 
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3. To bisect a given finite straight line. 

4. To draw a straight line at right angles to a given 
straight line. 

5. To draw a straight line at right angles to a given 
straight line from a given point in the same. 

6. To draw a straight line at right angles to a 
straight line from a given point without it. 

7. To draw a straight line parallel to a given straight 

line. 

8. From a given point, to draw a straight line parallel 
to a given straight line. 

II. — ANGLES. 

It is required, 

1. To make a right angle. 

2. To make an obtuse angle. 

3. To make an acute angle. 

4. To make an angle equal to a given angle. 

5. To bisect a given angle. 

III. TRIANGLES. 

It is required, 

1. To describe a right-angled triangle. 

2. To describe an obtuse-angled triangle. 

3. To describe an acute-angled triangle. 

4. To make a given finite straight line the side 
opposite to the right angle,* in a right-angled triangle. 

5. To make a given finite straight line one of the 
sides containing the right angle, in a right-angled tri- 
angle. 

• Hypotenuse [tntorwura^ Gr.\. 
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6. To describe an equilateral triangle. 

7. Upon a given finite straight line^ to describe an 
equilateral triangle. 

8. To describe an isosceles triangle. 

9. To make a given finite straight line the base of 
an isosceles triangle. ^ 

10. What requisites must three straight lines have, 
in order to become the sides of a triangle ? 

11. With three given straight lines, (under the re- 
striction- in question,) to construct a triangle. 

IV. QUADRILATERAL FIGURES. 

It is required, 

1. To describe a square. 

2. To describe a rhomb. 

3. To deiscribe a rectangle. 

4. To describe a parallelogram. 

5. Upon a given finite straight line, to describe a 
square. 

6. To make a given finite straight line the diagonal 
of a square. 

7. To make a given straight line the diagonal of a 
rhomb, — of a rectangle, — of a parallelogram. 

V. — POLYGONS. 

It is required, 

1. To describe a pentagon [not an equilateral and 
equiangular pentagon].^ 

* This problem is proposed, now, in order to stimulate inquiry : 
it solution should be learnt from Euclid. 
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2. To describe a regular hexagon. 

3. Upon a given straight line, to describe a regular 
hexagon. 

VI. — CIRCLES. 

It is required, 

1. To find the centre of a given circle. 

2. [What requisite must a given straight line have 
in order to be a chord in a given circle?] 

3. With the restriction in question, to place a givenr 
straight line in a given circle. 

4. To place a right angle in a given circle so 
that its vertex may be in the circumference of the 
circle. * 

5. To describe a circle about a right-angled tri- 
angle. 

6. To describe a circle about an obtuse-angled tri- 
angle. 

7. To describe a circle about an acute-angled tri- 
angle. 

8. At a given point in the circumference of a circle, 
to draw a tangent 

9. From a given point without a circle, to draw a 
tangent. 

JO. In a right-angled, obtuse-angled, and acute- 
angled triangle, to inscribe a circle. 

11. In a given circle, to inscribe a square. 

12. About a given circle, to describe a square. 

13. In a given square, to inscribe a circle. 

14. About a given square, to describe a circle. 
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15. In a given circle, to inscribe a rectangle. 

16. [Can a rectangle be described about a given 
circle?] 

17. [Can a rhomb be inscribed or described about 
a given circle ?] 

18. [Under what restrictions can a quadrilateral 
figure be inscribed in a given circle ?] 

19. To inscribe a circle in a given regular pentagon. 

20. To describe a circle about a given regular pent- 
agon. 

21. In a given circle, to inscribe a regular hexagon. 

22. About a given circle, to describe a regular hexa- 
gon. 

23. In a given regular hexagon, to inscribe a circle. 

24. About a given regular hexagon, to describe a 
circle. 

If care be taken to follow the order here adopted, . 
the pupils will not experience many or great difficulties, 
in finding-out the solutions of these problems. It is 
obvious, that an almost endless variety of seasonable 
exercises may be devised; and, to stimulate inquiry 
and beget a liking for mathematical pursuits, the 
pupils should, frequently, be encouraged to challenge 
each other to the solution of problems of their own 
proposal or selection. 



Having proceeded through this rudimental course, 
the pupils of Cheam-school commence the study of 
Euclid's Elements. The definitions, axioms, and pos- 
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tulates of Book I. which have been already fully discuss- 
ed in the course of these preparatory lessons, are now 
dictated, seriatim, to the pupils, and committed to 
memory. The first problem is next submitted to the 
class, to be worked out by them, and the pupil who 
first succeeds in finding the demonstration, is desired 
to advance to the school-slate, and pronounce it aloud 
to his class-fellows. These, again, each in his turn, 
give an oral demonstration, — which they then write 
out, at length, on their own slates, — the master cor- 
recting the errors and supplying the defects. After 
having proceeded, in this manner, through Book I. 
11. III. IV. V. VI. XI., each pupil is provided with a 
copy of the Elements of Euclid, that he may repeat 
the course, and become thoroughly familiar with the 
elements of the science. For this purpose a certain 
portion of time is set apart ; but he still carries forward 
his Mathematical studies in the departments of Alge- 
bra, Trigonometry, Conic Sections, &c. — To these 
studies he brings a mind thoroughly versed in all the 
preceding steps, trained to Mathematical inquiry, 
and habituated to the processes of Mathematical de- 
monstration. 



THE END. 
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Theodolite, Spirit Level, Hadley's Sextant, and Wollaston's Gonio- 
meter. Price 21. 12s. 6d. 

Casts in Plaster from the Elgin Marbles. The set in a box^ 
Pricfefl.lOs. 

Portable Laboratory and Chemical Test-Box, containing the 
Apparatus, &c. recommended by Dr. D. B. Reid ; prepared by John F. 
Macfarlan, Surgeon- Apothecary and Chemist,*Edinburgh. Price £2. 6s. 
*«* Smaller Boxes at 7s. 6d. and 10s. 6d. each. 

Diagrams in Metal, to illustrate Dr. Ritchie's Geometry. 
(Preparing.) 

Dried Specimens of British Plants, arranged according to 
the Natural Orders, containing from Sixt^ \a %\x\?j-^>i« ^^«t%. V&. 
a Case. Price 10s. 6d, the large aiiie *, t^s. \\ie «ba)\. 



SCIENTIFIC COLLECTIONS PREPARED 



BY W. EDWARDS, 



40, HIGH STREET, CAMDEN TOWN ; 



AND SOLD BY 

TAYLOR AND WALTON, 28, UPPER OOWER STRJBET. 



Collections of Geometrical Planes and Solids, including the 
Sections of the Cone and Sphere, to assist the Jn^enile £. <. d. 
Student . . . . . . .080 

Interesting Collections of Glass Models for facilitating the 
study of Geometry and Chrystallography, consisting of 
fifteen secondaiy bodies, each enclosing its primitive 
nucleus . . . . . .220 

Cabinets containing the substances refened to in Lessons on 
Objects pon the Pestalozzian System of Education . 1 10 

CaiHnets of Minerals of above one hundred carefully-selected ' 
specimens scientifically arranged according to Phillips • 1 10 

C&binets of Shells, con^sting of one hundred and twenty 

Species, inclnding the Linnsan Genera . . .330 

A variety of smaller Collections always ready from 15 
upwards 

Cabinets containing Collections of Geological Strata . 1 10 



THE ABOVE MAY ALSO BE HAD OF 

L. and J. Seelev, Fleet Street , Harvey and Darton, Gracechurch 
Street; Siittbr, Cheapside; W. Darton, Hotbom; Harris, St. 
PauVs Church- Yard ; Roake and Varty, Strand; Hatch ard and 
Son, Piccadilly ; Nisbet, Bernen Street ; and PtjRi>AT9 Sandgate. 



[LIST, No. 2.] 



Upper Gower Street^ May\\, 1837. 



WORKS OF EDUCATION 

IN 

LATIN AND GREEK, 

PRINTED FOR TAYLOR AND WALTON, 

BOOKSELLERS AND PUBLISHERS TO THE UNIVERSITY OF LONDON. 



^tttii Uansusfl^. 



I. 



Herodotus, from the best edition by Schweigbseuser; to wbich is pre- 
fixed a Collation i;ntb the text of Professor Gaisford. Edited bj George 
Long, Esq., A.M. Complete in one vol. 8vo, IO5. 6d. cloth lettered. 



u. 



A Summary op Herodotus, with Tables of the Travels of Herodotus, 
of Commercial Products mentioned by him, Chronological Events, &c. By 
George Long, Esq., A. M. 1 vol. 12mo, 4s. 8vo, 58. 6d. cloth. 



III. 



The Anabasis of Xenophon. Edited by George Long, Esq., A. M., 
late Fellow of Trinity College, Cambridge. The text is founded mi an 
Examination of the MS. Readings; and the Variations of Dindorff, Bome- 
mann, and Poppo, are given at the bottom of the page. One vol. 12mo, 5^. 
— in 8vo, with a large margin for Notes, Ss. 

IV. 

Greek for Beginners, or Progressive Exercises in the Greek Lai^uage. 
By Alexander Allen. 12mo. {Preparing). 

V. 

Exercises on the Anabasis of Xenophon, to be rendered into Xeno- 
phontic Greek. By Henry H. Davis. 1 2mo, 2«. 6d. cloth. 

" This is « Greek exercise book, 
upon a plan which is new, and, as 
we believe, much better adapted to 
teach the pupil the writing of Greek 
than any other that has yet been 
proposed.*' — Journal of Education^ 
No. VII. 

" The work consists of a few short 
exercises drawn from the earlier 
books, but chiefly the first book of the 
Anabasis; and they are intended to 
be practised in conjunction with an 
accurate study of ^e Greek model, 
the text of Xenophon. The sentences 



are formed on the Greek of that au- 
thor, and the student can only satis- 
factorily ascertain the accuracy of 
his imitation by comparing his Greek 
with the original. This plan he should 
follow throughout these exercises, and 
indeed at lUl other legitimate oppor- 
tunities; for he cannot be too often 
reminded that his composition will be 
correct and elegant, only as far as 
it agrees in style and diction with 
that of classical writers of the best 
age." — Preface, 



VI. 



An Index to Herodotus, by Henry H. Davis. 12mo, 4*. ; 8vo, 
5s. 6d. cloth. 



VII. 



Xenophon for Beginners. The Battle of Cunaxa, and the Death and 

Character of Cyrus, from ^euophon's Anabasis. 12mo, 3«. 6d. cloth. 

*«* Each section or smaller portion is brokeii u?i) ox ^i&cotdl'^'&^^\ v&&.>^ 
separate clauses are successively presented to theleaxxvei b»\3b.<V«^'o.^«b^»*«^ 
tences} after which they are exhibited in conncxioxi «A«as?! N»ct^ "^C^^^JSL 
XenopboD. A Literal Translation is given qu ttie p««ft ow«ft^^ \» Vi» \a£twB.^% 
tad a Lexicon of the words contained in the booVi to «o\3»\o\ue&. 



WORKS PUBLISHED BY TAYLOR AND WALTON, 

Till. 

The Promethrus of ^schylus, from the text of Wellauer. Foobap 
8vo, Is. 6d, sewed. 

IS. 

The Persjb of ^schylus, from the text of Wellauer. Foolscap 8to, 
is. 6d, sewed. 

X. 

Table of the Forms of the Greek Language. On cloth, folded 
into foolscap 8vo, 6d, 

XI. 

The London Greek Grammar ; designed to exhibit in small compaa 
the Elements of the Greek Language. Edited by a Graduate of iht 
University of Oxford. Fourth Edition. 12mo, 35. 6rf. cloth. 

" In this third edition various alterations have been made, ihoug'li tlie bulk 
of the book is not thereby increased. It has been the object in this editkn 
to simplify still further the elements of Greek grammar, and, with this yiew,to 
lead the pupil to a consideration of the etymological principles laid down hi 
Mr. Long's ' Observations on the study of the Latin and Greek Lango^get.* 
This, however, has only been done so far as would harmonise with the gencnl 
plan of the book, without making it differ materially from the preoedinf 
editions." — Preface to Third Edition. 

ZII. 

A Greek Testament, from Griesbach^s Text, with the yarious Reading! 
of Mill and others, Marginal References, and Chronological Anangemento. 
In one small volume, foolscap 8vo. (Just ready.) 

* XIII. 

The Four Gospels in Greer, for the Use of Schools. Griesback*s 
Text, with the yarious Readings of Mill and others. Marginal R^er- 
cnces, &c. Beautifully printed in foolscap 8vo, price 3«. 6rf. cloth. 

Instructors have often expressed a desire to see an edition of the Poor 
Gospels printed separately for the use of students beginning to learn the 
Greek Language. Such a work is now presented to their notice. The 
text chosen is that of Gricsbach, as being the one most critically correet 
The variations, however, between it and Mill's are particularly marked, so 
that no difficulty is likely to arise in the use of it from a difference of edi- 
tions. References to parallel passages are placed at the side of each page to 
assist the student in a theological view of the subject : and an improvement 
has been made in the mode of reference, by observing a distinction between 
parallels of single passages or words, and those which furnish an harmonious 
narration of the same events. 

On the whole, it is hoped that usefulness, cheapness, and beauty of 
execution will be found united in this edition of that portion of the Greek 
Scriptures generally used in Schools. 

XIV. 

Greek Authors^ selected for the Use of Schools, containing Portions 
of Lucian^s Dialogues, Anacreon, Homer's Iliad, Xenophon's Memorabilia, 
and Herodotus. 12mo, Zs, 6d, cloth. 

XV. 

Excerpt a ex Bastii Commrntatione PALiEOORAPHicA, cum Tabnlis 
Lithographicis XX. A Johanne Hodgkin transcriptis. 8vo. 6s, 

Extract from a Letter of the Bishop of Salisbury to Sir Henry JElUa, 

" I should have been most glad to have possessed Mr. Hodgkin's Bxceipta 
ex Bastii Commentatione Palseogiaptaica, -wYieul N7«a -^x^v^axiixc «l uew editton 
ofDawe&*s Miscellanea Critica. To yonn^ ^tad^ieDXa \xi QiT«k3l Uftmaoax^ ^ 
must be an inestimable acquisition." 



UPPER OOWER-STREET* 



zvi. 

Thr Triolott EtanoelistSi Intbklinear. CoDsistiHg of the origmal 
GkiBEK from the Text of Griesbach ; the Latin taken from MoNTANUSy 
Beza, and the Vulgate, and the English of the Authorised Version, 
accommodated to the Greek Idiom. With Grammatical and Historical 
Notes. 1 vol. 8vo, 1/. 8«. cloth lettered; or, "with a Grammar of the 
New Testament, 1/. l]s. 6d. 

Either Gospel may be had seinrately : 



St. Matthew 
St. Mark . 



9s. cloth. 
5s. — 



St. Luke 
St. John 



ds. cloth. 
65. — 



Greek Grammar of the New Testament, 4s. 6d,y cloth. 



" We cannot but hope that this very 
interesting translation of the New 
Testament will meet with general 
encouragement. It bespeaks soand 
scholan^p in the translator; and, 
with its grammatical apparatus, will 
be found an invaluable assistant in 
the critical and devotional study of 
the Evangelists. It professes to grive 
a /t/ero/ and /at7A/W copy, in English, 
of the Greek original, as far as idiom 
will permit, in the corresponding 
parts of speech, so that the version 
produced may be regarded as the 
grammaticalt no less than the lexico- 
graphical, exponent of each word in 
the original. 

*' To those who are attempting to 



acquire the power of reading the 
Greek Testament without the aid of 
a teacher, this ingenious work •wiH be 
of great value; and even to others, 
who may be more favourably circnm- 
stanced, it will present many advan- 
tages. The notes at the foot of the 
page embrace ahnost all the difBcnl- 
ties of a strictly grammatieal order, 
and, in doing so, extend to many of 
the questions involved in the usefial 
criticism ofthe New Testament. They 
will often supply the advantages of a 
Greek concordance, and wUl always 
be found elucidatoiy of the Hebrew 
idioms of the grospels." 

Evangelical Mag,, Nov. 1833. 



iUtin Uanpiaqt. 
I. 

An Etymological Analysis op Latin Verbs. For the Use of Schools 
and Colleges. By Alexander Allen. Foolscap 8vo. 7s. 6d, 

'* It is manifestly the production of an acute mind working on very exten- 
sive stores of information; and the higher classes of Latin students, who 
neglect the attentive study of this volume, will pass over the most complete 
developement of the principles of the Latin Language that has yet appeared in 
an English form.**— ilM«7Mmm, June 11, 1836. 

XL 

The First Six Boors of Virgil's ^neid, with an Interpaged Trans- 
lation, line for line, and numerous Notes. 12mo, 6s. 6d. cloth. 

III. 
Exercises on Cesar's Helvetic War. 12mo, Is, 6d, bound. 

IV. 

Extracts from Cjesar^s Gallic War. Connected by a brief Narrative 
in Elnglish. For the use of the Cheam School. 12mo. 2s. 6d. hound. 

V. 

Cesar's Helvetic War, in Latin and English, Interlinear, with the 
Original Text at the end. 12mo, 2s, cloth. 

VI. 

Cjbmr. Bbllum Britannicum. The sentences without points, 12mo, 2s, 

Cbmam Latin Grammar, taken piind^Vy itom Zxxm^V.. ^o» ^^^ ^** 
o//^ younger Ciasses at Cheam School. \^mo,*iA. W.>»>s»^^ 



WORKS PUBLISHED BY TAYLOR AND WAlLTON. 

Tin. 

Latin Authors, selected for the Use of Schools, containing Portions of 
PhsBdrus, Ovid's Metamorphoses, Virgil's ^neid, Caesar, and Tadtm. 
12mo, 3«. 6d. cloth. 

IX. 

The London Latin Grammar ; including the Eton Syntax and Prosody 
in English) accompanied with Notes. Edited hy a Graduate of the Univo^ 
sity of Oxford. Seventh Edition. 12mo, 2^. 6d. cloth. 

X. 

Mythology for Versification : or, a hrief Sketch of the Fables of the 
Ancients, prepared to he rendered into Latin Verse. By tfie Rev. F. 
Hodgson, M.A. Third Edition. 12mo, Ss, hound. 

*' The Author here ofifers to those who are engaged in classical edncatioo, • 
further help to the composition of Latin verse, combined with a brief Intro- 
duction to an essential part of the study of the classics. He has, in some (tf 
the exercises, interspersed a few occasional remarks oo the extravagance of 
the Pagan fictions ; hoping that such observations may not be found alto- 
gether unprofitable to pupils of the early age at which it is now usual to 
enter upon these subjects. 

'* Intending the little book to be entirely elementary, the Author has made 
it as easy as he coiild, without too largely superseding the use of the dictionarj 
and gri'adus. By the facilities here afforded, it will be possible, in many casein 
for a boy to get rapidly through these preparatory exercises ; and thus, haviiif 
ihastered the first difficulties, he may advance with better hopes of imiHrov^ 
mentto subjects of higher character, and verses of more difficult compositioBi" 

XI. 

Mythologia Versibus Latinis Accommodata. a Key to the above. 
8vo, 7s, cloth. 

XII. 

Sacred History. Conveyed in Sense for Latin Verses, intended chiefly 
for the Use of Schools. By the Rev. F. Hodgson, M.A. Second Editiim, 
12mo, 3s. 6d. hound. 

** The Author of this little work had the following design in view : — Having 
observed that many objections were made to the useful practice of composing 
in Latin verse, without admitting the force of these objections, he has e3iidea> 
voured to preclude or diminish the reasons on which they are founded, ntej* 
appear chiefly to arise from the time and labour bestowed upon the exercise 
itself, or upon the Heathen Mythology, and other comparatively unprolltahle 
studies, necessary for the young Latin versifier. The Author, therefore, bi 
the prosecution of his purpose, has attempted to combine, with fresh facilities 
in the technical part of the exercise, an Introduction to the knowledge of 
Sacred History. The Bible confessedly abounds in subjects well adapted to 
poetry ; and perhaps affords examples of such phraseology as may sometimes 
less unsuitably be imitated in Latin than in En^sh versification." — Pr^oes. 

XIII. 

ExcBRPTA E Testa mento Veteri. A Key to the ahove. Royal 8vo, 
iO«. Gff. cloth. 

XIV. 

CtcBRo's Oration Pro Lege Manilia. 12mo. Is. 6d. sewed. 

XV. 

The Principal Roots of the Latin Language, simplified hy a Dis- 
play of their Incorporation into the English Tongue. By H. Hall. Third 
Edition. 12mo, 4^. 6d. cloth. 

XVI. 

A Table of References to Cicero^s Letters, including those to Attkms 
and Quintus, as well as those to his other Friends, arranged in one 
CJ^roooio^fcal Series. 12iiio, Gd. 

xvn. 

Tables of the Inflexions of tbi Latw 1»a»g^^«*- Vim^,f3«J^W. 
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Upper Govoer Street^ May 1, 1837. 



WORKS OF EDUCATION 

IN 

■ HEBREW, SANSCRIT, GERMAN, 

&C. 

PRINTED FOR TAYLOR AND WALTON, 

BOOKSELLERS AND PUBLISHERS TO THE UNIVERSITY OF LONDON. 



ilettetD Eanguage. 
I. 



A Grammar of the Hebrrw Languaor, in two parts: — Part 1. The 
Orthography, &c. — Part 2. The Etymology and Syntax. By Hyman » 

HuRwiTz, Professor of Hebrew in University College, London. Second 
Edition, revised, and enlarged. 8vo, Vis. cloth. Either Part may be had 
separately. Part I. bs. 6d, Part 11. 12«. ^ 

'* Mr. Hurwitz's Grammar is the best elementary work of its kind extant 
in the English language.'*— J'oMma/ of Education, No. IX. 

" Mr. Hurwitz has given to the world a Grammar which; for lucid arrange- 
ment, has been rarely equalled. It is a work which may be understood by a 
child, and yet the most advanced proficient may consult it with advantage." — 
Athefueum, June 18, 1831. 

" There is a philosophical tone throughout the work. Its observations are 
addressed to the understanding, and the memory is considered only as an 
accessory faculty."— J/to«, June 12, 1831. 

II. 

The Boor of Genesis, in English Hebrew, accompanied by an Inter, 
linear Translation, substantially the same as the authorised English Version, 
Philol(^cal Notes, and a Grammatical Introduction. By the late William 
Greenfield, M.R.A.S. Tliird Edition. Bvo, price 8«., or with the 
Original Text in Hebrew Characters, lO^. 6d. 

" I take this opportunity of acknowledging my obligations to an Elemen- 
tary work, which should be in the hands of all self-taught Students — * The 
Book of Genesis in English Hebrew, by William Greenfield.' The great 
obstacle to the solitary beginner is the reading and pronunciation. In 
learning a strange written language, nature teaches us to employ three 
instruments — the eye, the ear, and the mouth ; the eye for the appearance 
of the word, the ear for its sound, and the mouth for the mechanical forma- 
tion of the syllables. Each "of these operations contributes to support the 
memory. If either of them is absent, one channel of memory is closed. 
In my first attempts at Hebrew, the ear and the tongue were idle, because I 
had no test of pronunciation. I was guided by the look of the word alone ; and 
it frequently happened that I consulted the Lexicon for the same word of 
which I had ascertained the meaning in the pi'eceding verse. Could I have 
pronounced the word, I should have been certain as to its identity. Mr. 
Greenfield has invented a simple method of approximation in English 
letters to the received method of pronouncing the original.'' 

From " Soggestions respecting the Neglect ol XXie "ft^titCNH \axi«o»^ '»' 
a QaaliacatioB for Holy Orders. By Richard VJiuwau l^^^*"^*^**"*!*?^^^ 
to HiB Royal Highness Prince George ol CximbctVMxeL, «qA. ^«»ou ^^ vass^^*.- 
cbnrch, late Fellow and Tutor of Oriel College.'* 



WORKS PUBLISHED BY TAYLOR AND WALTOKy 

m. ^ 

Hebrew Tales. Selected and Translated from the WritiiigB of the 
ancient Sages. To which is prefixed an Essaj on, the uninapired Lite- 
rature of the Hehrews. By Hyman Hurwitz, Esq. Professor of Hslnew 
in University College, London. ]2mo, 7s. 6d, 

*' A publication has appeared tinder the name of ' Hebrew Tales,' sheeted 
and translated from the writings of the Hebrew Sages, by Hirman Horwlti, 
which possesses considerable claims on attention, as presenting: a cnriooi 
picture of the studies and morality of the Hebrews, and of the uniniqJwd 
potion of their literature.*'— Ttme«, January 4, 1826. 

IV. 

ViNDicLS HEBRAiciB ; A Defence of the Hebrew Scriptures as a vidiide 
of Revealed Religion ; occasioned by the recent Strictures and Innovatiou 
of Mr. J. Bellamy, and in Confutation of his Attaclcs on all preceding 
Translations, and on the Established Version in particular. 8vo. boards, 7<> 

'* To come to their own times and country, he could not help admiring, • 
few years ag^o', a Work written by a Hebrew Qentieman, resident in Kngi»»*^, 
which abounded in Biblical lore and sound criticism of no cominon order; 
and he had still later read a pamphlet* by the same gentteman, vindicating 
his persuasion from the calunmiesthat had been thrown out against it, written 
in that tone of calm dignity which was so expressive of conscions innocence." 

Speech of the ArchbUhop of Canterbury on the Jewish Civil DtattbtUHet^ BfU. 
(From the Times, Aug, 3, 1833.) 

* Letter to J. L. Goldsmid, Esq., against Cobbetfs Calumnies. 

V. 

A Lecture on the Philosophy of the Jews. Delivered at the London 
Tavern, before the Society for the Cultivation of Hebrew literature, 
December 23, 1830. By tiie late Arthur Lumlet Davids. 8vo, 2«. 6d, 



I. 

RiG-VEDiB Specimen. Edidit Fridericus Rosen. 4te, 5«. doth. 

II* 
A Grammar of the Turkish Language, with a Preliminary Discoorss 
on the Language and Literature of the Turkish Nations, a copious Voca- 
bulary, Dialogues, a Collection of Extracts in Prose and Yerse, and 
Lithographed Specimens of various ancient and modem Manuscripts. By 
the late Arthur Lumley Davids. 4to, U. 8«. cloth. 

*'In conclusion, we most cordially recommend the work to the notice of 
every lover of Turkish literature.** — Asiatic Journal, Dec. 1832. 

A Translation of this Work into French, by the mother of the Author, is 
just published in 1 vol. 4to, price U. 5«. 



Italian tUnguagre. 
I. 

Extracts from Italian Prose Writers. By Professor Panizzi, LL.D. 
One thick vol. post 12mo, 10«. 6d. boards. 

" This is a most useftil little volume, the compilation of Senor Panizzi, containing 
choice extracts from the best writers in the Italian language. We can safUy 
recommend it, not only as a text book for students in the London University, but fbr 
all who apply themselves to the Italian laiiguage, as well suited to the object it 
professes to have in yiem "-rNewMonUdy Magaxine, 

II. 

An Elementary Itauan Grammar. By Professor Panizzi, IiL.D- 
Second Edition, coirected. 12mo, 3«. cloth. 



UPPER GOWER-STREET. 



I. 

German for Beginners, or Progressive. Exercises in the German Lan- 
goage. By W. Wittich, Teacher of German in University College School. 
12mo, Ss. 6d, cloth. 

n. 

A Manual of German Prose. Containing Classical Specimens, sys- 
tematically aiiTinged. By Ludwig Yon Miuilenfels, LL.D. Foolscap 
8vo, 5s» cloth. 

ni. 

A Manual of German Prose. Containing Classical Specimens, syste^ 
matically arranged. By Ludwig Von M{Lhlbnfbls, LL.D. Foolscap 8vo, 
59. cloth. 

IV. 

Introduction to a Course of German Literature. In Lectures to 
the Students of University College, London. By Ludwig Von Mublbm- 
fels, LL.D. One vol. 8vo, 7«. 

V. 

Lessing*3 Fabeln, in Drei Buchern. 12mo, 2«. 6d. cloth. 

VI. 

Tehrxng's German Lessons. 

1. Die Rose, in German, with a free and literal Interlinear Translation 
from the German into English. 16mo, 2s, 

2. The Rose, in English, with a free and literal Interlinear Translation 
from English into German. l6mo, 2s. 

3. Show and Use, in English,* with a free and literal Interlinear 
Translation from English into German. l6mo, 2s. 

4. Die Schav und der Nutzen, in German, with a free and litend 
Interlinear Translation from the German into English. 16mo, 2s. 



I. 

A Grammar of the French Language. With an Appendix or Dic- 
tionary of Difficulties. By Professor Merlet. 12mo, \0s. 6d, bound. 

II. 
Le Traducteur ; selections from the best French Writers. By Pro- 
fessor Merlet. 12mo, 5s. 6d. bound. 

III. 
Petit Tableau Litteraire de la France. Containing an Essay on 
French Literature, with Specimens of the best Authors from the earliest 
period to the present time, comprising the higher Departments of Literature. 
By Professor Merlet. 12mo, 7s. Qd. bound. 

IV. 

The principal Roots of the French Language, simplified by a Display 
of their Incorporation into the English Tongue. By H. Hall. Roytd 
8vo, 68. cloth. 

V. 

Yehrino^s French Lessons. 

1. The Rose, in English, with a free and literal Interlinear Tianslation 
from English into French. 16mo, 2«. 
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2. La Rose, in French, with a free and literal Interlinear TnuisUtioD 
firom French into l^nglish. 16mo, 2s. 



Voice of Nature, a Theoretical and Practical System of Promn- 
elation for the Continental Languages. 16mo, 2s. 

VI. 

A FoRBiATiTE French Grammar, containing Rules for forming all the 
Inflexions of the Language. Bj George Knox Gillespie, late of Tiimtj 
C(dlege, Dublin, 12mo, Is. sewed. 

" The Author justly lays claim to originality for his Bjratematising the 
anomalies of the French Verbs. Thougrh brief, this Grammar has much merit, 
and seems especially well adapted for the use of adult students." — Aihetuam. 

" A little book of four-and-twenty pages, containing a capital analytkil 
ducidation of the inflexions of the French Lansuage.**— Lilerary OuardiaM. 

VII. 

A Key to the French Genders ; containing an Analysis of the Ter- 
minations of all the Substantives in the Language, exhibited in a Tabokr 
Arrangement, by which the Gender of any French Noun may be instantlj 
ascertained. By George Knox Gillespie, late of Trinity College^ DubliOi 
12mo, price 9d. sewed. 

« We bestowed ouriimeed of praise on the Formative French Grammar, pub* 
Ushed by Mr. Gillespie (See Athefumnit No. 253). The present vrork is equity 
creditable to his skill in simplifying grammatical difficultiea.'* — Aihenmmt 
April 26, 1834. 

Dried Specimens of British Plants. Arranged accordisg to the 
Natural Orders. Containing from sixty to sixty-flve orders, in a 
Price of the larger size, 10«. 6ef. the set; of the smaller, 8«. 



Introlr1tctor|^ Hectitres. 

delivered in the university of LONDON. Session 1828, 1829. 

1. DR. CONOLLY on the NATURE and TREATMENT of DISEASES. 
Fourth Edition. l<. 

2. PROFESSOR GRANT, M.D., on COMPARATIVE ANATOMY AMD 
ZOOLOGY. Second Edition. K. 

8. PROFESSOR LONG on the GREEK LANGUAGE, LITERATURB, tad 
ANTIQUITIES. Second Edition. K. 

4. PROFESSOR MUHLENFELS, LL.D. on the GERMAN and NOBTHSBM 
LANGUAGES and LITERATURE. Second Edition. U. 

5. PROFESSOR GALIANO on the SPANISH LANGUAGE AND UTl- 
RATURE. Second Edition. 1«. 

6. PROFESSOR SMITH, M.D., on MEDICAL JURISPRUDENCE. 1«. 

Sessions 1829, 1830. 

7. PROFESSOR AMOS on ENGLISH LAW. 1«. 

8. PROFESSOR MALKIN, LL.D., on HISTORY. U. 

Sessions 1830 — 1834. 

0. PROFESSOR BENNET on ANATOMY. U. 

10. PROFESSOR DE MORGAN on ELEMENTARY EDUCATION in 
SCIENCE Is 

11. PROFESSOR HOPPUS on the PHILOSOPHY of the HUMAN MIND. Is. 

12. PROFESSOR AMOS on ENGLISH LAW. U. 

18. DR. A. T. THOMSON on MEDICAL JURISPRUDENCE. Is. 

14. PROFESSOR MALDEN on the GREEK and LATIN LANGUAGES. U. 

15. DR. QUAIN on ANATOMY and PHYSIOLOGY . 1«. 

16. PROFESSOR VAUGHAN on GENERAL HISTORY. 1*. M. 

17. DR. GRANT on the STUDY of MEDICINE. 1«. 

SassioNB lfi%9, \ft%Q, \Sft\. 

le, EIGHT LECTURES deUvercdin tYie X"a^^^^«^V.^n?^^?SX2S? 
AMOS, MALKIN, BENNET, DE M.OKGWS. l-OlSCi, ias>^ W^ %nA. TttSMftr 

SOX. 8vo. 98, cloth. 
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I. 

The Elements of Arithmetic. By Augustus De Morgan, Professor 
of Mathematics in University College, London. Third Edition, royal 
12mo, 4s. cloth. 

fit to encounter any question unless 
he sees the head of the book under 
which It falls. On a very moderate 
computation of the time thus be- 
stowed, the pupil would be in no 
respect worse off, though he spent 
five hours on every page of this work. 
The method of proceeding which I 
should recommend, would be as fol. 
lows: — Let the pupils be taught in 
classes, the master explaining the 
article as it stands in the work. Let 
the former, then, try the demonstra- 
tion on some other numbers proposed 
by the maJster, which should be as 
simple as possible. The very words 
of the book may be used, the figures 
being changed, and it will rarely be 
found that a learner is capable of 
making the proper alterations, with- 
out understandiiig the reason. The 
experience of the master will susrgest 
to him various methods of trying 
this point. When the principle has 
been thus discussed, let the rule be 
distinctly stated by the master, or 
some of the more intelligent of the 
pupils } and let some very simple 
example be worked at length. 'Hie 
pupils may then be dismissed, to try 
the more complicated exercises with 
which the work will furnish them, or 
any others which may be proposed." 
— Preface, , 



" Since the publication of the first 
^ition of this work, though its sale 
has sufficiently convinced me that 
there exists a disposition to intro- 
duce the principles of arithmetic into ' 
schools, as weU as the practice, I 
have often heard it remarked that it 
was a hard book for children. I never 
dared to suppose it would be other- 
wise. All who have been engaged 
in the education of youth are aware 
that it is a hard thing to make them 
think} so hard, indeed, that masters 
had, within the last few years, almost 
universally abandoned the attempt, 
and taught them rules instead of 
principles; by authority, instead of 
demonstration. This system is now 
passing away ; and many preceptors 
maybe found who are of opinion that, 
whatever may be the additional trouble 
to themselves, their pupils should 
always be induced to reflect upon, and 
know the reason of, what they are 
doing. Such I would advise not to 
be discouraged by the failure of a first 
attempt to make the learner under, 
stand the principle of a rule. It is no 
exaggeration to say, that, under the 
present system, five years of a boy*s 
life are partisdly spent in merely 
learning the rules contained in this 
treatise, and those, for the most part, 
in se imperfect a way, that he is not 



II. 



Tre Elements or Algebra, prelimmaTy to \>\e "D\^cTcii!Cvij\ ^iiex^\«»^ 
Bttd m for the higher classes of Schools in 'wYiicVi ^ePTVQB\^\e% o^ KTv-CKOiRJcvc. 
are taught. B7 Professor De Morgah. B.oy«\\*2.mo. ^s. cVq^^* 



WORKS PUBLISHED BY TAYLOR AND WALTON, 

-1 — ■ ■ — 

III. 

Elements of Trigonometry and Trigonometrical AirALTSia, pidimi- 
nary to the Differential Calculus : fit for those who have studied the PriB> 
ciples of Arithmetic and Algebra, and Six Books of Euclid. Bj Profeaisr 
De Morgan. Royal 12mo. 9$. cloth. 

nr. 

The Connexion of Number and Magnitude : an attempt to ezphii 
the Fifth Book of Euclid. By Professor De Morgan. Royal 12ido. 
45. cloth. 

««* This Work is included in the' Elements of Trigonometry, 

V. 

Lessons on Number, as given at a Pestalozzian School at CheuD, 
Surrey. By Charles Reiner. Second Edition. 

The Master^s Manual. 12mo. 4*. 6(/. cloth. )/« u ^ t \ 

The Scholar's Praxis. 12mo. 2*. bound. ] ^^^^ separately.) 

VI. 

A Treatise on Arithmetic, theoretical and PracticaL By the Re?. 
DioNYsius Lardner, LL.D. Foolscap 8vo, 68, cloth. 

VII. 

Conversations on Arithmetic, adapted for the Use' of Prepantofj 
Schools and for Domestic Instruction. Part I. Foolscap 8vo, Ss, cloth. 

VIII. 

Lessons on Form, as given at a Pestalozzian School at Cheam, Surrey. 
By Charles Reiner. With numerous Diagrams. 12mo. (/n the JPre$t.) 

IX. 

Principles of Geometry, familiarly illustrated, and applied to a variety 
of useful purposes. Designed for the Instruction of young Persons. ^ 
the Rev. Professor Ritchie, LL.D., F.R.S. Second Edition, revised and 
enlarged. 12mo, with 150 Wood Cuts. ds. 6d. cloth. 

** The practical applications which are added, must render the study very 
delightful to the young, since the Exercises on the Principles will be found as 
amasiog as the ordinary sports of childhood." — Athenaumt Sept. 28, 1833. 

*' Dr. Ritchie's little elementary work is excellently well adapted to its ol^eet 
It is brief, plain, and full of all that is necessary ; curious and useful in tts 
application, and beyond any other of tbe^.kind now existent in its fiunlUar and 
distinct explanation of some of the instruitients required in the practical apptt- 
cation of the principles laid down and demonstrated." — Spectator, Sept. 7, I8SS. 

An Instrument for teaching Geometry, convertible into a Theodo- 
lite, Spirit Level, Hadley^s Sextant, and Wollaston^s Goniometer, >infl hem 
prepared, and may he had of the publisher. Price 2/. 12«. 6d, 

X. 

Principles of the Differentul and Integral Calculus, familiarly 
Illustrated, and applied to a variety of Useful Purposes. Designed for the 
Instruction of Young Persons. By the Rev. Professor Ritchib, LL.D., 
F.R.S. With Wood Cuts. i2mo, 4*. 6d. cloth. 

XI. 

Conversations on Geometry, adapted for the Use of Preparatory 
Schools and Domestic Instruction. Foolscap 8vo, ds. cloth. 

XII. 

The Elements of Euclid, mlli a CommeivXar^ «xAO«Qiul«^a^|jc^ 
cisea. By the Rev. Dionysius liXUDiiivR) lAa.\>. 'BSSMa. '£^>assa^ ^-"i^ 
//. iboards. ^ 
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XIII. 

I An Analytical Trratise on Plane and Spheiucal Trigonometry. 
I Bj the Rev. Dionysius Lardner, LL.D. Second Edition. Corrected and 
I improved. 8vo. 12«. cloth. 

XIV. 

An Elementary Treatise on the Differential and Integral Cal. 
I ouLus. By the Rev. Dionysius Lardner, LL.D. 8vo, 2ls. 

XV. 

DARLEY'S SCIENTIFIC LIBRARY, 

for the use OF schools, private students, artists, and mechanics. 

It is the purpose of this Work to furnish a Series of Elementary Treatise^ 
on Mathematiod Science, adapted to the wants of the public at large. To 
youth of either sex at public and private schools ; to persons whose education 
has been neglected, or whose attention has not been directed in early life t6 
such studies; and to Artists and Mechanics, these little works will be found 
particularly suited. The principles of the various Sciences are rendered as 
familiar and brought as near to our commonest ideas as possible; the 
demonstrations of propositions are made plain for the mind, and brief for 
the memory; and the Elements of each Science are reduced not only to 
their simplest but to their shortest form. . 



1. A System of Popular Geometry. Containing in a few Lessons 
so much of the Elements of Euclid as is necessary and sufficient for a right 
understanding of every Art and Science in its leading Truths and geneial 
Principles. By George Darley, A.B. Fourth Edition. 4*. 6d, cloth. 

2. Companion to the Popular Geometry. In which the Elements 
of Abstract Science are familiarised, illustrated, and rendered practically 
useful to the various purposes of Life, with numerous Cuts. As* 6d. cloth.' 

'6. A System of Popular Algebra, with a Section on Proportions and 
Progressions. Third Edition. As, 6d, cloth. 

4. A System of Popular Trigonometry, both Plane and Spherical ; 
with Popular Treatises on Logarithms, and the Application of Algebra 
to Geometry. Second Edition, ds, 6d. cloth. 

" For Students who only seek this limited knowledge of these Sciences, 
there are perhaps no Treatises which can be read with more advantage than 
Parley's Popular Geometry and Algebra."— Ltdra;^ of Useful Knowledgt^ 
Article *' Mechanics** 



Natural pi^tlosopi^fi. 

I. 

The Steam Engine, familiarly Explained and Illustrated; with its 
application to the Arts and Manufactures, to Steam Navigation, and Rail 
Roads ; with Plain Maxims for the Guidance of Railway Speculators. By 
the Rev. Dionysius Lardner, LL.D. Sixth Edition. One vol. 12mo. 
Illustrated with Engravings and Wood Cuts. 7^. Qd, cloth, 

II. . 

Familiar Astronomy. By George Darley, A.B., Author of a System 
of Popular Geometry, &c. 12mo^ with Engravings, bs. cloth Uttex^ik 

" There is a vast deal of astronomical informsJdoxi cotvnc^^^ VEk.^bTCkSsaX'wSai.- 
iiin^ and unassamuig' manner in this delig\it£ulU\A'aNO\\rave,^B\)XODL,TinX\«s» 
for the novelty of its plan, than the extent of \ta Vtttemscace,T«i^^<^'a«J^^ 
credit on tbe taste and talents of its proiectot ttnOi e^Xot, "ttx. vi«xv«i- 
Sun, April 5, 1830, 
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I. 

On the Origin of UNiTEiurriRs and Acadimical DsoRECi. By 
Henry Malden, M.A., late Fellow of Trinity College, Cambridge; Pro- 
fessor of Greek in University College, London. Foolscap Syo, 3s. 6dL doth. 

IX. 

NiEBUHR^s History of Rome. VoL I. Translated by Julius C. Hau, 
M.A., and Connop Thirlwall, M.A., Fellows of Trinity Collie, Gam- 
bridge. Third Edition, revised. {In the Press). 

Niebuhr's History of Rome. Vol. II. Translated by Julius C. Hau, 
M.A., and Connop Thirlwall, M.A., Fellows of Trinity Collie, Cam- 
bridge. 8vo,16*. 

" Niebuhr undertook to write the 
History of Rome from the earliest agres 
of the city to the establishment of the 
empire of Augustus. Of this great 
work he accomplished only a por- 
tion ; and his History will remain to 
succeeding ages as a fragment, but it 
is a fragment which may be compared 
to the unfinished colossal statues that 
are found lying in the granite quarries 
of Syene, conceived with all the vast, 
ness and precision of Egyptian art, 
which, had they been finished, might 
have overtopped the gigantic Mem- 
non, but which, when Uiey were relin- 
quished by the hand that first fashioned 
them, were destined to remain for 
ever imperfect. We should as soon 
expect an artist to arise, who should 
elsiborate, and erect amid the Theban 

A Vindication op Niebuhr*s History of Rome, from the ChargeB 
of the Quarterly Review. By Julius Charles Hare, ALA., Fellow of 

Trinity College, Cambridge. Svo, '2s. 6d. 



temples, a half hewn Raxneaes, •• • 
scholar who should complete fhe Bo- 
man History of Niebuhr.'* — 

** Here we close our remarks iqioo 
this memorable work ; a work whid^ 
of all that have appesured in onr age^ 
is the best fitted to excite men cf 
learning to intellectual activity ; frtxn 
which tibe most accompli^ed ffrhirhr 
may gather fresh stores of knowledge^ 
to which the most experienced poli- 
tician may resort for theoretical and 
practical instruction, and which no 
person can read as it oug^ht to be 
read, without feelinf^ the better and 
more generous sentiments of his com- 
mon human nature enlivened and 
strengthened." — Edinburgh Reviem, 
Jan. 1833. 



I. 

Brief Outlines of Descriptive Orography ; to which is subjoined a 
Table of Latitudes and Longitudes. By Henry H. Davis. Foolscap 8vo, 
with Maps, 2s. 6d. cloth. 

n. 

Oeography Simplified ; being a brief Summary of the principal Features 
of the Four Great Divisions of the Earth, with a more detailed Account of 
the British Empire. Also, a familiar Ebcplanation of the Use of the 
Globes, and an Appendix. By an Experienced Teacher. 12mo, 4f. 
bound. 

III. 

Outline Maps. — Mercator Europe ^British Isles. Three Maps, . 

folio, stitched in cover, Is. Single Maps, 4d. eacb. 

Geographical Projections. — Mercator. — Europe. — British Isles. 
Three Maps, folio, stitched in cover, Is. Single Maps, 4d, each. 

iv. 
Teachivo Maps ; England, Wales, Mi^LYaxX. o^ ^o^mA. V— K««*, 
MounttduB, &c. Price 6d. U.— .Towoa. ?tvc^^d. 
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MISCELLANEOUS WORKS, 

PRINTED FOR TAYLOR AND WALTON, 

BOOKSELLERS AND PUBLISHERS TO THE UNIYERSITT OF LONDON. 



LOCKE'S 

RSSTOBINO THS MBTHOD OF TKACHINO FOBMKKIiT PKACTISBV IS 

ALL PUBLIC SCHOOLS. 

" We do amiss to spend seren or eight years in scraping together so much 
miserable Latin and Greek, as may be learned otherwise easily and delightfolly 
in one year.'* — Milton. 

** Wherefore, well-b^oved masters and teachers of grammar, after the 
parts of speech sufficiently known in our schools, read and expound plainly 
onto your scholars good authors." — Dean Colet, 

THS FIRST COURSB CONSISTS OF THB FOLLOWING 

INTERLINEAR TRANSLATIONS; 

With the Original Text, in which the Quantity of the Doubtful Vowels is 

denoted. Critical and Explanatory Notes, &c.&c. 

Each Volume 2s. 6d, cloth. 



L4TIN. 

1. Phadrus's Fablbs of iBsop. 1. 

2. Ovid's Mbtamorphosbs, Book I. 2. 

3. Virgil's iENKio, Book I. 3. 

4. Parsing Lbssons to Virgil. 4. 

5. CssAR*8 Invasion of Britain. a. 

6. Tacitus's Lifb of Aoricola, 6. 

Parti. 

ITALIAN. FRENCH. 

Storibs FROM Italian Writbr8,Al- I Sismondi: Thb Battlbs of Crbsst 

FIBRI,BARBTTI,CA8TIGLI0NB, &C. I AND POICTIBRS. 

OBRMAN. — Storibs from German Writbrs. 



GREEK. 

LuciAN*s DiALOGUBs. SelecticMis. 
Thb Odbs of Anagrbon. 
Hombr's Iliad, Book I. 
Parsing Lbssons to Hombr. 

XBNOPHON'sMBMORABILIA.BoOk I. 

Hbrodotds's HisTORiBs. Selec- 
tions. 



bbbrbw biblb. 
Tub Book of Gknbsis in English 
Hbbrbw, accompanied by an Uiter- 
linear Translation, substantially the 
same as the Authorised English Ver- 
sion, Philological Notes, and a Gram- 
matical Introduction. By William 
Greenfield, M.R.A.S. 2nd Edition, 
corrected. 8vo. Price 8«. j or with the 
original Text in Hebrew Characters, 
lOs. 6d. 



OREBK 00SPBL8. 

Thb Triglott Evanoblists, Greek, 
Latin and English, Interlinear, con- 
sisting of the original Greek from the 
Text of Griesbach ; the Latin taken 
from Montanus, Beza, and the Vul- 
gate, and the English of the Autho- 
rised Version, accommodated to the 
Greek Idiom— With Grammatical 
and Historical Notes. — 1 vol. 8vb., 
cloth, 1 1. %8. ; or with a Grammar of 
the New Testament 1/. lU. 64, 



St. Matthew 
St. Mark . 



Either Gospel may be had separately : 



9«. clotb. 
5«. — 



St. Luke 
St. John 



9«. cloth. 
6«. ^ 



Greek Grammar of the New Testament, As. 6d, cloth. 

ALSO, TO ACCOMPANY THB LATIN AND GRBBK SBRIBS, 

THE. LONDON LATIN GRAMMAR, 2$. 6d. cloth. 
THE LONDON GREEK GRAMMAR, 3#. 6d. cloth. 

Tht Examples of Syntax in these Grammars are taken from the aboDe books 

of Virgil andCmsar, Homer and Xenophon, 

The Connexion of the sevenU Parts, as w^l a» the ceaenl YfosiKScs^^ «&^ 

Authority of the whole Series, ia e(x3:dYAXle4L«X^sx««Viv 

AN ESSAYy EXPLANATORY OF TltB S1I«rt^^% 
Price 29, td, Boardc. 



WORKS PUBLISHED BY TAYLOR AND WALTON, 



LOCKE'S SYSTEM. 
Mttt^ots at jbtuXtp. 

Tvi conne of Study to be pnreaed in the use of these Books, Is fUQy ilen> 
loped in the Preface to each volume : but the principal directicms there debdW 
may be thus briefly presented at one view. 

1 . Let the student of the Latin langnajce commence with the FabIsSI OT 
Phadrl'S; and by the aid of the Interlinear Tran»lation and Notea, nuke 
himself thoroughly master of the sense of each Fable in the Mingle Ltik 
Text ; so thoroughly, as to be able, not only to render the original, word far 
word, into English sentences, but also, when examined witiioat the Book, 
to give the English for each Latin word, and again, the Latin for each »«g»Mi, 
unassisted by the connexion of the story. 

S. Having acquired from Phaedrus a considerable nmnber of conunon Lstii 
words, without attempting their grammatical analysis, let hinai proceed, is 
exactly the same manner, with the First Bonk of Ovu>*s MsTAHoaPHOSBi, 
which will make a large addition to his vocabulary in words of less comnim 



use. The reading nf this Book should be accompanied with the study of tin 
Accidence, as given in the London Latin Grammar. Taking small portions at 
a time, as, for instance, the first declension of Nouns with the first lessoa of 
Ovid, the student should remark what words in the lesson appear to ooo^ 
spond in form to any of those cases, — and so on, till the distinction of tte 
Parts of Speech is clearly understood, and the Tables of Dedension sit 
learned by heart. 

3. The regular inflections of the language being thus acquired firom fke 
examples in the Grammar, — ^let him take up the First Book of Viaou*i 
iENBiD, and after construing the Latin text, as in Phsedrus and Ovid, according 
to the Interlinear Translation, — let him learn to analyse each sentence firaoi 
the supplementary volume of Parsing Lbssons ; which will enable him, not 
only to assign every word in each Lesson to its proper part of speech, bat 
to give a full description of its peculiar modification, if inflected from tti 
simple form. In this stage of his course he will derive great benefit from fts- 
quently altering the signs and forms of nouns and verbs in the Single SmgSak 
Verrion, so as to require the use of different cases, tenses, &c. of the same Lstis 
word — an exercise which will give him complete power over Uie InfieeUama of 
the language. 

4. Let him now proceed with Casar's Invasion op Britaiit; and 
pany each reading with a small portion of the Latin Sjfnto*, in the 
manner as he accompanied Ovid with the Accidence of the Grammar. Thki 
will graduaUy render him familiar with the Construction of the lanc^nagt. 
The st^'Ie of the Commentaries Is remarkably easy of Construction, and thcrc^ 
fore peculiarly adapted for this exercise ; which is further facilitated by tba 
Rules of Syntax, in the London Latin Grammar, being principally excmpUiled 
from this part of Caesar, and the Book of Virgil's iEneid already analyssd. 
After finishing Caesar, he should recur to the Virgil, which he before used only 
as a praxis of inflection, and make himself master of the construction by tlw 
rules of Syntax, and also of the scanning of each line by the rules of Prosody. 

6. In reading the Lipb op Aoricola by Tacitus, he should endeavour to 
combine in each lesson the exercises of infiection and construction whidi 
hitherto he has taken separately} describing single words according to the&r 
several declensions, and compound phrases according to their several depsB- 
dencies. 






In learning the Greek language, precisely the sams method may be followed 
in the correspondent Parts of the Series. 

1. Lucian's Dialogues furnish a copious Vocabularff as the elementary 
volume. 

2. Anacrkon's Odes present a variety of simple sentences, from wfaiA 
to distinguish the Parts of Speech, as given in the London Greek Ghranmuur. 

3. Hombr's Iliad, accompanied by the supplementary volume of Pabsuis 
IffssoNS, involves a complete Praxis in the Inflections of the language. 

4. Xbnophon's Memorabilia give an introdnctioii to Sjfnisut, wbHth irOi 
be further familiarised by recurring to the Iliad. 

6. Herodotds's Historiss supply an interesting snl^ect-matter, on vriildi 
to pnctlae in comHnatiou the various ex«Tc\Ms wG^giun^dT vetfonned in the 
jMievious volumes. 

After thus going through the iJsXtii or QreeY Mx\.e&,^aEA^SkaAm^>a iflora^ 
recommended to recur to the eatUet voVamea, Va \i« laxaA Qt^« «a "•— ' 
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and to exercise the whole of his grammatical koowledg^e in each of those parts, 
as well as in the last, nsing the Interlinear Translation as little as possible, 
and giving more attention to the Notes than in his first readtttg. 

By the completion of this Elementary Coarse, he will not only be perfectly 
competent to enter on the reading of other Classic Authors, without tiie aid of 
a translation, but will be prepared with a valuable store of words and phrases 
for Greek and Latin Composition. The practice of writing in each language 
according to these models, will ensure a critical acquaintance with their pecu. 
liar delicacies : and although, in commencing a new Author, the young 
learner must require some assistance from judicious commentators, yet, as far 
as the Language is concerned, he may rest assured he is already in possession 
of its leading properties and powers. 



I. 

Cartas Danti. The Vision ; or. Hell, Purgatory, and Paradise of Dante 
Alighieri; translated by the Rev. H. F. Gary, A.M. Third Edition. In 
3 vols, foolscap 8vor, 18s. cloth. 

" Mr. Cary*8 translation— the best we ever read of any work."— 

Quarterly Review, July, 1823. 

II. 

The Birds of Aristophanes. Translated into English Verse, with 
Notes. By the Rev. H. F. Gary, A.M. Author of the Translation of 
Dante. 8vo, 9s. 6d* 

III. 

The Agamemnon of ^schylus, translated, with Notes, Gritical and 
Explanatory. By John SYmmons, A.M., of Ghrist Ghurch, Oxford. 8vo, Bs. 

rv. 

Poems, descriptive of Rural Life and Scenery. By John Glare, a 

Northamptonshire Peasant Foolscap 8vo. Fourth edition, 58. 6d, 

" Examples of minds highly gifted by nature, struggling with, and breaking 
through the bondage of adversity, are not rare in this country ; butprivation te 
not destitution ; and the instance before us is, perhaps, one of the most strik- 
ing, of patient and persevering talent existing and enduring in the most forlorn 
and seemingly hopeless condition, that literature has at any time exhibited.*' 
— Quarterly Review, May, 1820. 

V. 

The Village Minstrel, and other Poems. By John Glare, with a 
fine Portrait of the Author, from a Painting by W. Hilton, R. A. 2 vols, 
foolscap 8vo. Second Edition, 12«. 

VI. 

The Shepherd*s Galendar; with Village Stories and other Poems. By 
John Glare. With a beautiful frontispiece, by Dxwint. Foolscap 8vo, 6«. 



I. 

Sermons on the First Lessons of the Sunday- Morning Service. 
Taken from the Mosaic Scriptures. Being for the Sundays from. Septua- 
gesima to Trinity Sunday. By the Very Reverend Robert Burrowes, 
D.D. Dean of Gork. 8vo. 12«. 

*' In these excellent Sermons, sound doctrine, earnest exhortation, close rea- 
soning, depth of pathos, and forcible application, are severally exhibited. The 
language througbout is simple, yet eloquent ; and the style nervous^ cha&ta, 
and dignified. In a word, the volume is calculatedi \o 'vnaXxMcX >^«; \%&tst«s^.«\sk 
reform the evU-doer, to confirm the Chrls*toa,\o^!!bM«ft^^«^!a«*=S«**^ 
'to vindicate the ways of God to man.*"— Christian RciRembTaiw:tT,^«ss»si * 
1830, 
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n. 



An Exposmov or thb Pabablu or Oua Lord, showing tlidr Coi. 
aaetioii with hit Ministrj, their Prophetic Character, and their gniuil 
Development of the Gospel Dispensation. With a Preliminary Diner- 
tatioQ on the Parable. B7 the Rev. B. Bailby, M.A. Syo, 14r. 

III. 
A CaiTiCAL EasAY on the Gospkl or St. Luke. By Dr. FaxHua 
ScHLBimMACHsa. With an Introduction by the Translator ; containii^ aa 
Account of the Controversy respecting the Origin of the First Thiei 
Gospels, since Bishop Marshes Dissertation. 8vo, ISs. 

IV. 

The Principles of the Doctrinb or Christ. Being an attempt to 
teach such as are willing to learn ^ what it is to be a Christian.*^ I Quo, 
sewed, price 7d.y or twenty-five for 12«. 



Voltttcal Cfconoms. 
I. 

A Yisw OF the Money System of England, from the Conquest : witk 
Proposals for establishing a secure and equable Credit Currency. By Jamb 
Taylor (of Bakewell). 8vo, 6«. 

What is Money ? Price 6d. 

II. 
An Essay on Money, its Origin and Use. By John Taylor, Aathsr 
of *•*• Junius Identified.'* Second Edition. 8vo. 3«. 6cL sewed. 

" We are not ashamed to acknowledge that we are late converts to the kn- 
portance of the corrency question ; but the evidence of successive years has 
demonstrated to us, that here lies the root of all the safflnring, and all tite dan- 
gers by which the nation is afflicted. In the pamphlet b^ore as, w« see aQ 
uiat experience has proved, demonstrated as inevitahle, by a complete procew 
of a priori reasoning ; and we could scarcely conceive a greater benefit to tbe 
country than that the Essay should be thoroughly read, considered, and on- 
derstood by all public men." — Standard, Jan. 8, 1831. 

III. 

An Essay on the Standard and Measure of Value. By John Tay- 
lor. 8vo. 28. Qd. 

IV. 

Catechisms of the Currency and Exchanges. A New Edition, 
' enlarged. To which is prefixed, The Case of the Industrious Classes briefly 
Stated. By John Taylor, Author of ^^ Junius Identified." Foolscap 8vo, 
As. cloth. 

Cateckiam 0/ the Currency. 

** Whoever studies or merely reads this Catechism once will rise from its 
perusal with clearer notions on the subject of currency than when he sat down 
to it, whatever may have been his previous acquaintance with the matter j 
whilst every one who finds himself to be in the dark on its various bearings, 
cannot but be so enlightened by the short inspection spoken of, that few in 
the community will equal him for knowledge on the subject, so clear, compre- 
hensive, and convincing are its questions and answers.** — Monthly Madew, 
March, 1835. 

Catechiim. of the Exchange. «-^V^ 

" In a commercial country like ours, this book ought to be in every body's 
hands. The landholder should study it most particularly, as in it his hiterests 
are most ably advocated, and his position most lucidly explained. TIm mer- 
chant will always take care of bims^; self-preservation te the constant les- 
son of his life— himself and his capital are always transferable, bnt tiie land- 
lord is a fixture. He most sit down passively and cxutora all teverses, for Iw 
ha3 jet to learn that the amount of YiVa xents eA;^TkA& «^mo«x.Ni\»jQL^ cm cm 

for^gn trade ; and this leamine Yie wWi ^4 Vn Y^kiexone&ciiSnraa v^tsnAioft. 

ntae work before as.'*— Meeropotitcm Mag., OcX. \%a*. 
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